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Today’s lecture based on ... 
§ Ö.Ö:  Lecture 02: Lecture “Game Theory and Social Choice” in Course 

“Intelligent Agents “(CS 4514-KP12), University of Luebeck
https://www.edit.fis.uni-
hamburg.de/ws/files/53892714/Intelligent_Agents.zip

§ W. van der Hoek and M. Pauly. 20 modal logic for games and information. 
In P. Blackburn, J. Van Benthem, and F. Wolter, editors, Handbook of 
Modal Logic, volume 3 of Studies in Logic and Practical Reasoning, pages 
1077–1148. Elsevier, 2007.  
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Agentic AI And Game Theory 
§ Agentic AI calls for models of strategic 

interactions and their regulation 

§ Regulation here is not disallowing 
“risky” code of the algorithms used (EU 
AI Act based too much on this form)

§ Instead: specifying game rules that 
balance out freedom/autonomy of the 
(artificial and human) agents and global 
welfare 
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Why “beyond”?
§ See the discussion and examples in the introduction: STORM, Co-Storm, 

RHLF, constitutional AI, Notebook LM, assistance games

§ High-capacity agentic systems (strategically) interacting with humans 
generate new questions related to game theory but also touch 

Ethics (Alignment with human values), Law (responsibility),  
Psychology (influence, manipulation),  Philosophy  (consciousness),  
Sociology (macro effects of LLM use)
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Purpose of today’s lecture   &     Agenda
§ Understand the role of non-

cooperative game theory 
(NGT) for Intellectics

§ Get acquainted with basic 
representation and solution 
concepts of NGT

§ Strategic Games

§ Utilities and Preferences

§ Analyzing games: solution concepts

§ Global properties

§ Extended form games and imperfect 
information
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Other topics (to be dealt with in other courses)
§ Probabilities 

§ mixed strategies

§ cooperative game theory, power 
of coalitions, rules of encounter

§ Course “Uncertainty, Causality, 
and Conditionals (UCC)”

§ Course “Social Epistemology, 
Social mechanisms, and Formal 
Ethics” (SFF)

§ Course “Social Epistemology, 
Social mechanisms, and Formal 
Ethics” (SFF)
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Strategic Games 
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Example 1 (strategic game): Prisoner’s Dilemma (PD)
Person 𝑋 (row) and 𝑌 (column) and are 
arrested for a crime. 

§ If neither suspect confesses, both are 
released but sentenced semi-heavy.  

§ If both confess then they get sent to jail. 

§ If one confesses and the other does not, 
then the confessor gets a light sentence 
and the other gets a heavy sentence.
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𝑌:confess 𝑌:don‘𝑡
confess

𝑋: 
confess

𝑋:−5
𝑌:−5

𝑋:−1
𝑌:−10

𝑋: don‘𝑡
confess

𝐴:−10
𝑌:−1

𝑋:−2
𝑌:−2

Alternative names for “strategic game”: “game in strategic form”, 
“game in normal form”, “game in matrix form”



CHAI
Humanities-Centered AI

Example 1 (strategic game): Prisoner’s Dilemma (PD)
Person 𝑋 (row) and 𝑌 (column) and are 
arrested for a crime. 

§ If neither suspect confesses, both are 
released but sentenced semi-heavy.  

§ If both confess then they get sent to jail. 

§ If one confesses and the other does not, 
then the confessor gets a light sentence 
and the other gets a heavy sentence.
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𝑌: confess 𝑌: don‘𝑡
confess

𝑋:
confess

(−5,−5) (−1,−10)

X:don‘𝑡
confess

(−10,−1) (−2,−2)
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Example 1 (strategic game): PD
§ Set of players 𝑁 (here {𝑋, 𝑌})

§ Strategy space Σ! for each player 𝑖
(here: Σ" = Σ# =
{c(onfess), d(on‘𝑡confess)})

§ Set of strategy profiles Σ"×	Σ#: 
Set of all possible combinations of 
strategies  (Here: 𝑐, 𝑐 , 𝑐, 𝑑 , 𝑑, 𝑐 , (𝑑, 𝑑))
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𝑌: confess 𝑌: don‘𝑡
confess

𝑋:
confess

(−5,−5) (−1,−10)

X:don‘𝑡
confess

(−10,−1) (−2,−2)
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Example 1 (strategic game): PD
§ States 𝑆 (here: four not explicitly 

mentioned states 𝑠!)

§ Outcome mapping 𝑜:  associates with 
each strategy profile a state 

(here, e.g. : o (𝑐, 𝑐) = 𝑠$) 

§ Utilities 𝑢! for agents 𝑖 defined on states 
(here, e.g., 𝑢" 𝑠$ = −5; 𝑢" 𝑠% = −1;

𝑢" 𝑠& = −10; 𝑢" 𝑠' = −2) Convention: state = strategy 
profile (𝑜 becomes identity)
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𝑠! 𝑠"

𝑠# 𝑠$

𝑌: confess 𝑌: don‘𝑡
confess

𝑋:
confess

(−5,−5) (−1,−10)

X:don‘𝑡
confess

(−10,−1) (−2,−2)
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Example 2 (strategic game): Bach or Stravinsky (BS)
§ A couple likes going to concerts together. 

§ Person 𝑋 loves Bach but not Stravinsky.  

§ The other, 𝑌, loves Stravinsky but not Bach.

§ However, they prefer being together than 
being apart.

§ Game also also known under the term 
“Battle of the sexes”

Winter term 25/26 AIL | Özgür L. Özçep 12

𝑌:
𝐵𝑎𝑐ℎ

𝑌:
Stravinsky

𝑋:
𝐵𝑎𝑐ℎ

(2,1) (0,0)

𝑋:
Stravinsky

(0, 0) (1,2)
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Example 2 (strategic game): BS
§ Players N = {𝑋, 𝑌}

§ Σ" = Σ# = 𝐵(𝑎𝑐ℎ), 𝑆(𝑡𝑟𝑎𝑣𝑖𝑛𝑠𝑘𝑦)

§ Strategy-profile space Σ" × Σ#
{ (𝐵, 𝐵), 𝐵, 𝑆 , 𝑆, 𝐵 , 𝑆, 𝑆 }
(= outcome space under convention)

§ Utilities, e.g.,  u" 𝐵, 𝐵 = 2,
u# 𝐵, 𝐵 = 1, u" 𝐵, 𝑆 = 0,…
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𝑌:
𝐵𝑎𝑐ℎ

𝑌:
Stravinsky

𝑋:
𝐵𝑎𝑐ℎ

(2,1) (0,0)

𝑋:
Stravinsky

(0, 0) (1,2)
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Example 3 (strategic game): Matching pennies (MP)
§ Two players 𝐸(𝑣𝑒𝑛), 𝑂(𝑜𝑑𝑑)

§ Each has a penny, which it secretly turns 
to H𝑒𝑎𝑑𝑠 or 𝑇𝑎𝑖𝑙𝑠

§ 𝐸 wins if the pennies match, otherwise 𝑂
wins

§ This is an example of a zero-sum game: in 
each state the sum of utilities (payoffs) is 0
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𝐸:
𝐻𝑒𝑎𝑑𝑠

𝐸:
𝑇𝑎𝑖𝑙𝑠

𝑂:
𝐻𝑒𝑎𝑑𝑠

(−1,1) (1,−1)

𝑂:
𝑇𝑎𝑖𝑙𝑠

(1,−1) (−1,1)

Formal definition of 
strategic game à Appendix
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Test yourself: MP
§ 𝑁 = ?

§ Σ$ × Σ% = ?

§ 𝑢( 𝐻, 𝑇 = ?

§ 𝑢) 𝑇, 𝑇 = ?

§ 𝑢) 𝐻, 𝑇 = ?
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𝐸:
𝐻𝑒𝑎𝑑𝑠

𝐸:
𝑇𝑎𝑖𝑙𝑠

𝑂:
𝐻𝑒𝑎𝑑𝑠

(−1,1) (1,−1)

𝑂:
𝑇𝑎𝑖𝑙𝑠

(1,−1) (−1,1)
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Test yourself: MP (Answers)
§ 𝑁 =	 {𝑂, 𝐸}

§ Σ$	×	Σ% = { 𝐻,𝐻 , 𝐻, 𝑇 , 𝑇, 𝐻 , (𝑇, 𝑇)}

§ 𝑢( 𝐻, 𝑇 = −1

§ 𝑢) 𝑇, 𝑇 = −1

§ 𝑢) 𝐻, 𝑇 = 1
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𝐸:
𝐻𝑒𝑎𝑑𝑠

𝐸:
	𝑇𝑎𝑖𝑙𝑠

𝑂:	
	𝐻𝑒𝑎𝑑𝑠

(−1,1) (1,−1)

𝑂:	
	𝑇𝑎𝑖𝑙𝑠

(1,−1) (−1,1)
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Utilities and Preferences
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About utilities
§ NGT models players that are self-

interested

§ Self-interest: agent has states that 
it is happy about and that it wants 
to achieve 

§ Utility functions are useful 
abstractions quantifying level of 
happiness. 

§ Decision-theoretic rationality: 
Agents takes action towards 
maximizing utility.

§ Things become interesting 
because utility functions depend 
on global states 
(which depend on other agents)
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More to discuss for AI
§ The model of utility 

maximizers is a 
(super-) strong assumption 

§ It does not reflect 
psychological, sociological or legal aspects such as envy, altruism, fairness 

§ Future game theory (for agentic AI) should consider all different types of 
mechanisms in multi-agent system with humans and artificial agents 
à social mechanisms  
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Collapses in non-cooperative game theory

(ex: Jepperson/Meyer 05)
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From utilities to preferences
§ Usually a quantification is not necessary: 

a strict preference relation ≺* over 
outcomes (for each player 𝑖) suffices

§ Each utility function induces a preference 
relation

§ Example: Prisoner’s Dilemma 
§ 𝑑, 𝑐 ≺" 𝑐, 𝑐 ≺" 𝑑, 𝑑 ≺ (𝑐, 𝑑)
§ 𝑐, 𝑑 ≺# 𝑐, 𝑐 ≺# 𝑑, 𝑑 ≺# (𝑑, 𝑐)
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𝑌: confess 𝑌: don‘𝑡
confess

𝑋:
confess

(−5,−5) (−1,−10)

X:don‘𝑡
confess

(−10,−1) (−2,−2)
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Preferences (à L03)
§ Weak preference ≼ associated with ≺:
	 	 	 𝑠$ ≼ 𝑠% iff 𝑠$ ≺ 𝑠% or 𝑠$ = 𝑠%

§ ≼ is complete iff for all 𝑠$, 𝑠% : 𝑠$ ≼ 𝑠% or 𝑠% ≼ 𝑠$

§ Social Choice deals also with non-complete relations

§ But preferences induced by utilities are always complete 
(ranking) à have to deal with preferences, too

§ For specific preferences, utility constructible à Appendix
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𝑠$ 𝑠% 𝑠&

𝑠$ 𝑠&

𝑠%

complete

not complete
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Test your intuitions: preferences
§ Q: Give a real-world example of a  

non-complete preference

§ Q: What other properties of 
preferences can you think of? 
Which would you consider as 
necessary?  

§ A: There are (different) hobbies no 
one of which I prefer over the 
other 

§ A: 
§ transitivity, irreflexivity, 

asymmetry (of strict preference),  
non-cyclicity, antisymmetry

§ All of them (except perhaps 
irreflexivity) are debatable.   
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Analyzing games: solution concepts
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Towards modelling self-interest: best response 
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Definition (Best reponse)

Let 𝜎 = (𝜎$, … , 𝜎+) be a strategy profile in an 𝑁-player game.

§ 𝜎,! = 𝜎$, …𝜎!,$, 𝜎!-$, …𝜎+
(„strategy profile without the strategy of 𝑖“)

§ 𝜎!∗ is a best response of 𝑖 (to 𝜎,! ) iff
𝑢! 𝜎!∗, 𝜎,! ≥ 𝑢!(𝜎!/, 𝜎,! ) for all 𝜎!/ ∈ Σ!
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𝑌: confess 𝑌: don‘𝑡
confess

𝑋:
confess

(−5,−5) (−1,−10)

X:don‘𝑡
confess

(−10,−1) (−2,−2)

Definition (Dominant strategy equilibrium)

§ Dominant strategy = best-response 
for all 𝜎,!

§ A strategy profile 𝜎∗ is a dominant 
strategy equilibrium iff
each 𝑖’s strategy 𝜎!∗ is dominant 

𝑢! 𝜎!∗, 𝜎,! ≥ 𝑢!(𝜎!/, 𝜎,! )
for all 𝑖, all 𝜎′! and all 𝜎,!

Dominant strategy equilibrium 
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§ A DS equilibrium is a nice to have (agents 
do not have to bother about others);
however, we have: 

§ Observation: DS equilibria need not exist

§ Bach/Stravinsky example : 
The strategies  are conditioned on the 
other agent’s strategy

§ Problem in DS definition: “for all 𝜎,! ”
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No dominant strategy equilibrium 

𝑌:
𝐵𝑎𝑐ℎ

𝑌:
Stravinsky

𝑋:
𝐵𝑎𝑐ℎ

(2,1) (0,0)

𝑋:
Stravinsky

(0, 0) (1,2)
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Definition (Nash equilibrium)

A strategy profile 𝜎∗ is a Nash 
equilibrium iff each agent’s strategy is a 
best response – for the given strategies 
of the other agents

𝑢! 𝜎!∗, 𝜎,!∗ ≥ 𝑢!(𝜎!/, 𝜎,!∗ )
for all 𝑖, all 𝜎!/

𝑌:
𝐵𝑎𝑐ℎ

𝑌:
Stravinsky

𝑋:
𝐵𝑎𝑐ℎ

(2,1) (0,0)

𝑋:
Stravinsky

(0, 0) (1,2)

But two Nash equilibria 

No dominant strategy equilibrium 
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§ Observation/Thm: Nash equilibria 
may not be unique, may not exist, 
and may be hard to find 

§ Challenge: non-uniqueness of 
equilibrium; which one counts?

§ Handling multiplicity of equilibria 
(à refinement) is considered as one 
of the main challenges in cooperative 
AI (Conitzer et al 23)

Winter term 25/26 AIL | Özgür L. Özçep 28

𝑌:
𝐵𝑎𝑐ℎ

𝑌:
Stravinsky

𝑋:
𝐵𝑎𝑐ℎ

(2,1) (0,0)

𝑋:
Stravinsky

(0, 0) (1,2)

But two Nash equilibria 

No dominant strategy equilibrium 
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§ Observation/Thm: Nash equilibria 
may not be unique, may not exist, 
and may be hard to find  

§ However, adding randomization 
(choosing strategy according to a 
probability) helps 
à mixed strategies 

§ Theorem (Nash 50): Every game over 
finite (pure) strategy sets has a 
mixed strategy equilibrium
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No Nash equilibrium

𝐸:
𝐻𝑒𝑎𝑑𝑠

𝐸:
𝑇𝑎𝑖𝑙𝑠

𝑂:
𝐻𝑒𝑎𝑑𝑠

(−1,1) (1,−1)

𝑂:
𝑇𝑎𝑖𝑙𝑠

(1,−1) (−1,1)
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§ Observation/Thm: Nash equilibria 
may not be unique, may not exist, 
and may be hard to find  

§ Theorem (Daskalakis et al 09): 
Finding Nash equilibrium is very 
hard (PPAD complete)

§ à Agents cannot be guaranteed to 
find equilibrium in realistic amount 
of time
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No Nash equilibrium

𝐸:
𝐻𝑒𝑎𝑑𝑠

𝐸:
𝑇𝑎𝑖𝑙𝑠

𝑂:
𝐻𝑒𝑎𝑑𝑠

(−1,1) (1,−1)

𝑂:
𝑇𝑎𝑖𝑙𝑠

(1,−1) (−1,1)
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A note on the interpretation of (Nash) equilibria 
§ There are quite different ones 

(ask, e.g., ChatGTP)

§ Depending on the concrete use,  
the one or other fits better 

§ The “stability” interpretation is 
the mathematical one: if someone 
is in an equilibrium state, he will 
stay there (no incentive to deviate)

§ The stability interpretation, 
however, does not tell an agent 
how to get there (related to: 
calculating an equilibrium, e.g., 
backward induction)

§ For this purpose, interpretations 
based on learning/or expected 
outcomes by best-response 
dynamics are preferred. 
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Test yourself
§ Q: What is the relation between 

DS and Nash equilibria? 

§ A: Every DS equilibrium is a Nash 
equilibrium (but not vice versa)

§ Reminder  
§ Nash: 𝑢! 𝜎!∗, 𝜎,!∗ ≥ 𝑢!(𝜎!/, 𝜎,!∗ )

for all 𝑖, all 𝜎′!
§ DS: 𝑢! 𝜎!∗, 𝜎,! ≥ 𝑢!(𝜎!/, 𝜎,! )

for all 𝑖, all 𝜎′! and all 𝜎,!
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Global properties 

33
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Pareto Optimality
§ Equilibria describe stabilizing 

states of self-interested agents

§ But we aim at prescribing desired 
“global” state properties 
à social choice theory (L03)

§ In the best case: such properties 
will hold at the stable sets 
à mechanism design (L04)

§ A strategy 𝜎 profile is Pareto 
optimal/efficient  iff there is no 
other profile 𝜎/ such that some agent 
has higher utility in 𝜎/ and no agent 
has lower utility

There is no 𝜎/ ≠ 𝜎 such that there is 𝑖
with u* 𝜎/ > 𝑢!(𝜎) and u0 𝜎/ ≥
𝑢0 𝜎 for all 𝑗 ≠ 𝑖
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Alternatively: For each 𝜎% and each player 𝑖:
if u& 𝜎% > 𝑢'(𝜎), then there is some 𝑗 s.t. u( 𝜎% <	𝑢)(𝜎)
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Welfare Maximization
§ Equilibria describe stabilizing 

states of self-interested agents

§ But we aim at prescribing desired 
“global” state properties 
à social choice theory (L03)

§ In the best case: such properties 
will hold at the stable sets 
à mechanism design (L04)

§ A strategy is welfare maximizing iff
∑!∈2	𝑢!(𝜎) ≥ ∑!∈2𝑢!(𝜎′) for all 𝜎/

§ Difference in type of globality
§ Pareto: “for each player ….”
§ Welfare: “for the whole society in 

sum …”

§ … (many more properties exist and 
will be considered later on) 
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§ DS equilibria are not necessarily 
Pareto optimal – and vice versa

§ So: we have an inconsistency 
between stability and a global property

§ We cannot exclude having 
intra-global inconsistencies
à Consistency-check a re-occurring issue

§ Communication cannot help with this (liars!) à Appendix
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𝑌: confess 𝑌: don‘𝑡
confess

𝑋:
confess

(−5,−5) (−1,−10)

X:don‘𝑡
confess

(−10,−1) (−2,−2)

Dominant strategy equilibrium 

Pareto optimal state

Syntax Pragmatics

Epistemology

Ontology Methodology

ComplexityCalculi

Semantics
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Ad Pareto Optimality
§ Observations
§ Every game must have a Pareto 

optimum
§ In zero-sum games all states are 

Pareto optimal

§ For a mechanism ensuring Pareto 
optimum in DS equilibrium see 
Vickrey auctions (sealed-bid, 
second best price auctions à L03) 
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𝐸:
𝐻𝑒𝑎𝑑𝑠

𝐸:
𝑇𝑎𝑖𝑙𝑠

𝑂:
𝐻𝑒𝑎𝑑𝑠

(−1,1) (1,−1)

𝑂:
𝑇𝑎𝑖𝑙𝑠

(1,−1) (−1,1)

Pareto optimal states

Overview over all examples 
à Appendix



CHAI
Humanities-Centered AI

Test your understanding: preventing car crash
§ Alice and Bob are driving towards each 

other on a single-lane street. Each can 
prevent a crash by moving left or right 
(Let us assume both do not have the 
option of not turning the wheel)

§ Q: Model this as a strategic game 

§ Q: What are its Nash equilibria?

§ Q: What are its Pareto optimal states? 
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Left Right

Left (1,1) (0,0)

Right (0,0) (1,1)

This is a so-called coordinated 
game: on all profiles all agents 
have same utilities 

Pareto and Nash
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Games in extended form and imperfect 
information
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Example (game in extended form): Penny Matching*
§ Variant of penny matching

§ Not “synchronous”, but strategies 
chosen in alternating rounds  
(here: starting with player 𝑂(𝑑𝑑))

§ Strategies based on histories of actions      
(here: of length 0 and length 1)

§ Leaves indicate outcomes 
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𝐻 𝑇

𝐻 𝑇 𝐻 𝑇

(−1,1) (1,−1) (1,−1) (−1,1)

𝑂

𝐸 𝐸
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Example (game in extended form): Penny Matching*
§ Matching pennies is a win-loose game 

§ Player 𝐸 has a winning strategy 
§ Assume strategy 𝜎) of 𝑂 is: “choose 𝑇“
𝜎4 () = 𝑇 „( )“ is the empty history 

§ Strategy 𝜎( of 𝐸:   “play the same as 𝑂”
𝜎( 𝐻 = 𝐻 ; 𝜎( 𝑇 = 𝑇

§ 𝑢( 𝜎), 𝜎( = 1 …
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𝐻 𝑇

𝐻 𝑇 𝐻 𝑇

(−1,1) (1,−1) (1,−1) (−1,1)

𝑂

𝐸 𝐸
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Example (game in extended form): Penny Matching*
§ … Player 𝐸 has a winning strategy 
§ Assume strategy 𝜎) of 𝑂 is: “choose 𝐻“
𝜎4/ () = 𝐻

§ Strategy 𝜎( of 𝐸: “play the same as 𝑂”
§ 𝑢( 𝜎)/ , 𝜎( = 1

§ Formal definition of games in extended 
form discussed in lecture on modal logics 
(L07)

Winter term 25/26 AIL | Özgür L. Özçep 42

𝐻 𝑇

𝐻 𝑇 𝐻 𝑇

(−1,1) (1,−1) (1,−1) (−1,1)

𝑂

𝐸 𝐸
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An early result on winning strategies 
§ The modified matching-penny is a 

trivial sequential game 
à it is no surprise that a winning 
strategy exists

§ Chess is not trivial but: one of the 
players has a winning-or-draw 
strategy (but no one knows which)

§ Non-constructive existence proof 

Debate in philosophy  regarding  
existence proofs  à constructivism, 
intuitionism vs. realism
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Theorem (Zermelo 1913) 

Every finite 2-player win-loss 
game is determined, i.e., one of 
the players has a winning strategy

Syntax Pragmatics

Epistemology

Ontology Methodology

ComplexityCalculi

Semantics
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Equilibria for extended (perfect) information games 
§ Here: (𝑙, 𝑅) and (𝑟, 𝐿) are Nash equilibria

§ However, (𝑟, 𝐿) is an unrealistic equilibrium  
regarding the red player
§ In the sub-game with red node as root,

red player will never choose 𝐿: 
(𝑟, 𝐿) is not an equilibrium in the subgame 

§ 𝜎∗ is a sub-game perfect equilibrium iff
𝜎∗is an equilibrium in all subgames 
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𝑙 𝑟

𝐿 𝑅

(0,0) (2,1) (1,2)
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Imperfect information 
Sometimes an agent does not know …

1. where in a history others are 
(she does not see) or 

2. where in a history she is (she forgets)

3. In which game she or the others are, e.g., 
one does not know other agents’ real 
utilities (their types)
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𝐻 𝑇

𝐻 𝑇 𝐻 𝑇

(−1,1) (1,−1) (1,−1) (1,−1)

indistinguishable
for red agent

𝑙 𝑟

𝑙 𝑟

(0,0) (2,1) (1,2)

indistinguishable
for red agent

1.

2.
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Formalization of 1. and 2.
§ Use families ℑ𝒊 of 

information sets over histories for each 𝑖

§ For each 𝑖, ℑ𝒊 partitions the histories into 
jointly exhaustive, pairwise disjoint sets 𝐼

§ Histories in the same information set 𝐼 ∈ ℑ!
are indistinguishable for 𝑖
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𝐻 𝑇

𝐻 𝑇 𝐻 𝑇

(−1,1) (1,−1) (1,−1) (1,−1)

𝐼 ∈ 𝐼*+,

𝑙 𝑟

𝑙 𝑟

(0,0) (2,1) (1,2)

𝐼 ∈ 𝐼*+,

1.

2.

For a formalization of 3. à Appendix
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Conclusion & Outlook
§ NGT provides good abstractions 

for handling scenarios of strategic 
interaction

§ There are different solution 
concepts (equilibrium notions) 
which do not necessarily have nice 
“global properties” 

§ Richer theory of sociological 
mechanisms are required 

§ What are “good” global 
properties?

§ How to aggregate individual 
preferences in a global preference 
à Social Choice Theory (L03)

§ How to achieve implementation 
of global preferences in 
equilibrium? 
à Mechanism Design (L04)
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Thanks for your attention!

Winter term 25/26

https://www.philosophie.uni-hamburg.de/chai/personen/oezcep.html
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Appendix: Additional slides
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Definition (Strategic game)

A strategic game       𝐺 = (𝑁, Σ! !∈2 , 𝑆, 𝑜, 𝑢! !∈2) is a 5-ary tuple 
consisting of the following components: 
§ 𝑁: a finite set of players
§ Σ! !∈2 : family of nonempty strategy spaces Σ! for each player 𝑖
§ 𝑆: a nonempty set of (outcome) states 𝑆
§ 𝑜: an output function which maps strategy profiles 𝝈 to states 

𝑜: Σ$ ×⋯× Σ+ → 𝑆 ; 𝝈 ↦ 𝑜(𝝈)
§ 𝑢! !∈2 ∶ a family of utilities (or preferences) 𝑢! for each player 𝑖

𝑢!: 𝑆 → ℝ ; 𝑠 ↦ 𝑢!(𝑠)
A game without the utilities is a game template (or game form) 
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From preferences to utilities
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Theorem (Neumann/Morgenstern 44) 

If  a preference relation ≼ of an agent satisfies 
Completeness, Transitivity, Decomposability, Substitutability, 
Monotonicity and Continuity 

then there exists a function 𝑢: 𝑆 → [0,1]with the properties that:
1. 𝑢 𝑠$ ≤ 𝑢(𝑠%) iff 𝑠$ ≼ 𝑠% and
2. When the agent uncertain about outcomes he receives, she will 

prefer those that maximize (expected) value of 𝑢
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Does Communication help? …
§ … Not if someone lies 

àGame show “Golden Balls” 
(Split or steal) 

https://blogs.cornell.edu/info2040/2012/09/21/
split-or-steal-an-analysis-using-game-theory/

§ Aim at “Incentive-compatible 
mechanisms” à L04
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𝑌: confess 𝑌: don‘𝑡
confess

𝑋:
confess

(−5,−5) (−1,−10)

X:don‘𝑡
confess

(−10,−1) (−2,−2)

Dominant strategy equilibrium 

Pareto optimal state

https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
https://blogs.cornell.edu/info2040/2012/09/21/split-or-steal-an-analysis-using-game-theory/
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Summing up properties of the example games
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𝑌: 
confess

𝑌: don‘𝑡
confess

𝑋:
confess

(−5,−5) (−1,−10)

X:don‘𝑡
confess

(−10,−1) (−2,−2)

𝐸:
𝐻𝑒𝑎𝑑𝑠

𝐸:
𝑇𝑎𝑖𝑙𝑠

𝑂:
𝐻𝑒𝑎𝑑𝑠

(−1,1) (1,−1)

𝑂:
𝑇𝑎𝑖𝑙𝑠

(1,−1) (−1,1)

𝑌:𝐵𝑎𝑐ℎ 𝑌:
Stravinsky

𝑋:
𝐵𝑎𝑐ℎ

(2,1) (0,0)

𝑋:
Stravinsky

(0, 0) (1,2)

DS equilibrium (−5,−5)
But different from 
pareto optimum (−2, _2)

No DS, but two Nash equilibria
2,1 , (1,2)

both Pareto optimal 

No (pure) Nash equilibria 
all pareto Optimal 
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Formalization of 3.
§ Information sets over games 

§ Four 2 ×2 games with same strategy 
spaces (CD= coordination game)
§ Blue agent 𝑏 cannot distinguish 

between MP and DP and between 
CD and BS

§ Red agent 𝑟 cannot distinguish 
between MP and Cda and between 
PD and BS
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𝑎! 𝑎"
𝑎! (2,0) (0,2)

𝑎" (0, 2) (2,0)

𝑀𝑃

𝐵𝑆

𝑎! 𝑎"
𝑎! (2,2) (0,3)

𝑎" (0, 3) (1,1)

𝑃𝐷

𝑎! 𝑎"
𝑎! (2,2) (0,0)

𝑎" (0, 0) (1,1)

𝑎! 𝑎"
𝑎! (2,1) (0,0)

𝑎" (0, 0) (1,2)

𝐶𝐷

𝐼6,%

𝐼6,$

𝐼8,$ 𝐼8,%
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Formalization of 3.
§ An alternative representation is via 

agent types à Bayesian games 
§ agent 𝑖 has type 𝜃! ∈ Θ! from a set 

of types Θ! for agent 𝑖
§ Type 𝜃! and state determine utility 
u!(𝑠, 𝜃!)
§ E.g. is red agent one who prefers 

playing MP over PD
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𝑎! 𝑎"
𝑎! (2,0) (0,2)

𝑎" (0, 2) (2,0)

𝑀𝑃

𝐵𝑆

𝑎! 𝑎"
𝑎! (2,2) (0,3)

𝑎" (0, 3) (1,1)

𝑃𝐷

𝑎! 𝑎"
𝑎! (2,2) (0,0)

𝑎" (0, 0) (1,1)

𝑎! 𝑎"
𝑎! (2,1) (0,0)

𝑎" (0, 0) (1,2)

𝐶𝐷

𝐼6,%

𝐼6,$

𝐼8,$ 𝐼8,%


