Ozgiir L. Ozcep

Agents, Intellectics, and Logic (AIL)
Lecture 03: Social Choice Theory




v
[T:
m N m
4N Universitdt Hamburg CHAI "7, 0
DER FORSCHUNG | DER LEHRE | DER BILDUNG ities-

Today’s lecture based on ...

= 0.0.: Lecture 02: Lecture “Game Theory and Social Choice” in Course
“Intelligent Agents “(CS 4514-KP12), University of Luebeck
https://www.edit.fis.uni-

hamburg.de/ws/files/53892714/Intelligent Agents.zip

= E. Pacuit: ESSLLI 2022 course “Social Choice Theory and Machine Learning”
https://pacuit.org/esslli2024/social-choice-machine-learning

= U. Endriss: Lectures 1—3 of the course “Computational Social Choice”
https://staff.science.uva.nl/u.endriss/teaching/comsoc/2024/
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Social Choice Theory (SCT)

= Social choice theory (SCT) is about methods for collective decision making
It relies on methods from philosophy and mathematics
It is studied in Economics and Political Science
And it is related to decision theory and game theory

= Computational SCT (CSCT) focusses on algorithmic problems associated
with decision making both decision theory and game theory.

Complexity related issues (not discussed in this course®)
However, we will consider encodings in logic + using logic provers
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Applications of Social Choice Theory
= Fair allocation of resources - Course SNRVRE@AYPY)

E.g., dividing computing time between several users (= e.g. speech
times in CoStorm) or cutting cake (with different toppings)

= \Voting, as used, e.g., in elections
= Combining rankings of web sites into a global ranking

= Judgment aggregation (jury in a court) - Course SN C@IYPY)

= Information extraction from noisy crowdsourced data (e.g. RLHCF)
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Reinforcement learning from collective human feedback

Basic RLHF rating :  RLCHF using aggregated ranking

F: social choice function

1 a 1 Q E \/
B, © H BB, 8 3] @// Aggregated rankings
2,8 22, @& - [ R=F(R))c)
B, 9 - [ 2B © - [
2, @ - [ 22, 0 - =
E} r@l r@z m» ] Individual rankings
. 2 \ Rl(x'y)
texts ratings " text pairs
r=pky)

x: prompt; y: response
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Remember: two voting rules (with different outcomes)

. . . #V 4 4 9 4 2 Borda Instant
= Instant Runoff Voting (iterative) B Runoff

Count voters’
first choices 2 b ¢ ¢ a b b b

Distribute ballots of 3 C b a b a a C
eliminated candidate
Candidate

with = Borda Count (score-based):

Eliminate last

place candidate * On each ballot compute the rank
of each alternative

= Rank order alternatives based on

Winter term 25/26 L Gagir L oz ECTEASING SUM of their ranks

majority?
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Collective decision as an aggregation function/rule
= Voters (here: 1,2,3) voting for

= alternatives/candidates (here: a,b,c)

= Preference profile (here: [...])

» Aggregation function F: 3 c ¢ a 2

= Input: preference profile[...]
= Qutput: global/aggregated preference

Winter term 25/26 AlL | Ozgir L. Ozcep 7
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Syntax ’ Pragmatics

Aggregation rules are at the heart of SCT

= Right abstraction level for
modelling collective decision

= Research along the following lines
= Construction principles
= Desired properties via axioms
= (Non-) satisfiability of properties
= Representation theorems
= Feasibility (complexity)

Winter term 25/26 AIL | Ozgur L. uzcep
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Purpose of today’s lecture & Agenda

= Learnto appreciate the * Formal model: aggregation

abstractions of SCT o _
= Classifying aggregation rules

= See with concrete SCT
examples general

methodological = Impossibility theorems
approaches of model

building and analysis

= Representation theorems

Winter term 25/26 AIL | Ozgiir L. Ozcep 9
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Formal model: aggregation
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Input preferences

» Arelation < over aset A is a strict linear order iff itis
asymmetric: forall x,y € A:if x < ythennoty < x
transitive: forallx,y,z€e A:ifx <y, y<zthenx <z
linear (= weakly complete): forall x,y: x =yorx <y ory <x

= For ease of comprehension: we assume that the input profile consists of
preferences only that are strict linear orders

= As the following examples show, it is more appropriate to assume so-
called strict weak orders = [AYoJollgle] P

Winter term 25/26 AlL | Ozgir L. Ozcep 1
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Sufficiently expressive: forms of ballots/preferences

= Can specify constraints on
input profile as well as global
preference — depending on
type of voting systems

» And there are many different
(classifiable) voting systems
out there ...

Winter term 25/26
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ELLENLEEZHOU / SRR
Behavioral H:hh Clinician

5 R
LONDON N, BREED / ¥ - HE®
Mayor of San Francisco

JOEL VENTRESCA / & - SN+
Retired Airport Analyst
WO

WILMA PANG | 8%
Retired Music Professor
s

rrrrrrr

PAUL YBARRA ROBERTSON / Rl - PPESH: - RIEAR T e
all Business Owner

Choose one

Candidate A
I:l Candidate B

Choose one
[] candidate A
Candidate C

Choose one

Candidate B
[] candidate C
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preferences

12



i

UH (i) P\V 1 2
ii_.l
L2 Universitdit Hamburg

DER FORSCHUNG | DER LEHRE | DER BILDUNG 1 a C

I - -

1 {a, b} {a,b,c} 3 e 3
2

Test yourse

<t 1 UL R B
1234 3

DI e . ‘ PV 1 2
mmmmm V'VI:::::’:"‘,‘ e o (“I) 1 a:09 c¢:0.8
Governor 'Score each candidate by filling 2 b . O . 4 b . 0 . 7

Choose one Choose one Choose one

3 S o E—— ia(l;::ldai:’easteA Ha number (0 is worst; 9 is best)
B) momes) |Qomns] |Bomne| oo O0B0000008 3 01 ai04
I:l Candidate B Candidate C D Candidate C 3: Candidate C |- @®®®®®©o®

(4)  Answer:

P\V 1 p.

( 3 1 C(a,b)=a C(a,b)=b
(3) €= (v) . 2 C(a,c)=c  C(a,c)=a

Eg)) ﬁ 3 ((ii\i/i)) " M 3 clbo=b clbc)=b
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Output preference

= Same constraints on input preferences not
necessarily apply to output (see e.g. Borda)

. . 1 a C {a,b,c}
= In general, could allow any binary relation on A - -
2
» Today: we stick to so-called voting rules 3 c a

* One does not specify a full preference, but

= 3 winner or a set of winners (however, this
can be modelled as special binary relation)

Winter term 25/26 AlL | Ozgir L. Ozcep 14
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Preferences in SCT — an oversimplification?

» Simplification: alternatives are “exclusive” states

= Example of preference with “combinative alternatives”:

Relata (e.g. propositions) not specified sufficiently to ensure
exclusiveness

Consider preference “I prefer having a dog over having a cat”
Prefer (dog and not cat) over (cat and nodog) ? or rather
Prefer, if owning a dog already, only dog having over dog and cat?

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Preferences in SCT — an oversimplification?

= Example shows at least that a reduction to preferences over (exclusive)
states might be possible

= But can we ensure this for other examples?

= For this example and for a general overview of research on preferences
see the SEP article of Hansson/Grline-Yanoff (2024)

Winter term 25/26 AlL | Ozgir L. Ozcep 16
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The formal model
* A= {a,b,c, .. }: alternatives with cardinality of A being |A| = m
= N = {1, ..,n}: set of voters

= L(A): set of all strict linear orders < on A understood as potential
preferences

» <;:individual preference from L(A) of voter i

" [<] = (<q, ..., <p) a preference profile from L(A)"™ = { n- tuples of
preferences}

Winter term 25/26 AIL | Ozgiir L. Ozcep
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The formal model

= Avoting rule for N and A selects a non-empty set of winners for every
preference profile

F: LA™ - Pow(A) \ {0}
“ If [F([<]D| = 1 for all profiles [<], then F is called resolute.

= Observation: Most natural voting rules are irresolute and have to be
paired with a tie-breaking rule to always select a unique election winner.

Winter term 25/26 AlL | Ozgir L. Ozcep 18
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Classifying aggregation rules
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Many many voting rules out there (“name” dropping)

= Borda, Plurality, Veto, k-Approval, (Approval Voting), STV (single
transferable vote), Plurality with Runoff, Coombs, Nanson, Baldwin, Cup
Rule, Condorcet, Copeland, Slater Kemeny, Banks, Schwartz, Dodgson,
Young, Ranked Pairs, Schulze, Simpson, Bucklin, Black, Range Voting,
Cumulative Voting, Majority Judgment

= [f you want to try out some of them (in Python) have a look here
https://pref-voting.readthedocs.io/en/latest/#

= For a discussion of many of them see supplement to paper of
Pacuit/Holliday (23), which is available online

Winter term 25/26 AlL | Ozgir L. Ozcep 20
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Syntax - Pragmatics

Tame the voting rules: classification

= We consider only classification for the ballot format we have specified
(input preference = strict linear orders; output: a set of winners)

= Classification possible via required information (Fishburn 77)

= Important family: positional scoring rules (operational definition)
(contains Borda)

= Important family: Condorcet extensions (exemplifies classification via
axiomatics)

Winter term 25/26 AlL | Ozgir L. Ozcep 21
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Fishburn’s classification (Fishburn 77)

Classify via the information required to compute (winners of ) voting rule

= C1: majority graph (only)
(e.g., Copeland, Salter)

= C2: weighted majority graph (but not majority graph alone)
(e.g. Kemeny, Ranked Pairs, Borda)

= C3: All other voting rules (e.g. Young, Dodgson, STV)

Winter term 25/26 AlL | Ozgir L. Ozcep 22
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Positional scoring rules

Definition (Positional Scoring rule (PSR)) Examples:
= Scoring vector = Borda rule
s = (81, ...,Sy,) € R™with s=(m-1m-2,...,0)
S1 = Sy =S, and s; > sy, (see IYoJolelgle[?% for an
for m alternatives example)

= Each alternative receives s; points for
every voter putting it at the ith position.

= Winning alternatives = alternative(s)
with the highest score (sum of points)

= Plurality rule
s=(1,0,..,0)

Winter term 25/26 AlL | Ozgir L. Ozcep 23
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Test yourself

» Q: Assume that a voting rule with = A:

m alternatives and the following

positional scoring vectors are
given:

= (0,...,0,—1)
*(1,1,..,1,0..,0)

ol e—

k-times

= Describe what these rules do!

Winter term 25/26

= the first is a veto rule

» The second is k-approval i.e.,

each voter gives her preference

by describing a set of top-k
alternatives.

AlL | Ozgir L. Ozcep
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Condorcet (winner, paradox, principle, extension)

= An alternative that beats every PAV. 1 1 1 majg, maj, maj,c CW
other alternative in pairwise 1 a b ¢ a c b 0
majority contests mayj; ; is called a 5 b ¢ -

Condorcet winner (CW).

= Sometimes no CW exists

> Condorcet Paradox = Condercet extension= rules

fulfilling Condorcet principle

» Condorcet principle: if CW exists,

only it should win = Example: Copeland (see Appendix)

Winter term 25/26 AlL | Ozgir L. Ozcep 25
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Cycle

= An alternative that beats every
other alternative in pairwise
majority contests mayj; ; is called a
Condorcet winner (CW).

= However, sometimes such a
winner does not exist =
Condorcet Paradox

Winter term 25/26

P\V 1 1 1 maj,;, maj,, maj,. CW

1 a b ¢ a C b 1)
2 b C a
3 C a b

Paradox can be illustrated with a
cycle in the induced global
preference and the (weighted)
majority graph

AlL | Ozgir L. Ozcep 26
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Margins
i N£>y _ {l EN|y<; X} P\V 1 1 1 maj,, maj,, maj,. CW
1 a b ¢ a c b 1)
Set.of votfrs ranking x above y in . A
profile [<] ; —
* Marl<) (x,y) = NSyl = [N
“Margin of x over y” "Here:a>,, b>, c>, a

= x is majority preferred to x in [<] iff = So cyclic preference!
Mar'=l(x,y) > 0, shortly: x >, y

Winter term 25/26 AlL | Ozgir L. Ozcep 27
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Majority graph
= x is majority preferred to x in [<] iff [REASEEEEEENEEE VL PR E PR
Mar'=l(x,y) > 0, shortly: x >, ¥ 1 a b c a c b 0
= The associated graph is called the ’ o e
majority graph 3 L

" |In example:
* Here:a >,, b >,, ¢ >, a

= So cyclic preference!

Winter term 25/26 AlL | Ozgir L. Ozcep 28
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Weighted majority graph

= A more fine-grained data structure PA\V. 1 1 1 majg, maj, majy. CW

also gives the margin a by which x 1 a b ¢ a c b @

wins over y 5 b ¢ 2

X >ma v iff MarXIY) = o . S
= - weighted margin graph
" In example: b . *Here:a>,, b>, ¢ >, a

1
= So cyclic preference!
a n c

Winter term 25/26 AlL | Ozgir L. Ozcep 29
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Dealing with Condorcet cycles

» The previous weighted graph
shows no real distinction to the
non-weighted one

= Consider another example

C
1iji5
a b
3

= Weighting ,,breaks” the cycle

P\#v 2 3 4 Cw
1 b a ¢ 1)
2 a c b
3 C b a

Some voting rules use this (e.g.
Minmax considers c as winner; Split
cycle considers also other winners in
this case (Holliday/Pacuit 23))

Winter term 25/26 AlL | Ozgir L. Ozcep 30
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Positional Scoring rules and the Condorcet principle

= Condorcet winner: a

P\#v 3 11 CW Any

PST

= But, for any PSR, b wins
(because s; = s, = s3)

2 b c a a
" a:3s51 + 25, + 255
3 C a ¢ b
" b: 351 + 355 + 253
" c:1s; + 25, + 455
= Theorem: No PSR (for at least three Intuition: Positional voting is

alternatives) can be a Condorcet extension “unary” not relational

Winter term 25/26 AlL | Ozgir L. Ozcep 31
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Representation theorems
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Syntax ’ Pragmatics

Axiomatic Method

= |[dea is to describe classes of voting rules fulfilling (desired) properties
which are declaratively formulated as axioms.

= We already saw some: Condorcet principle, Independence of Clones, ...

= Basic research questions

s a given set of axioms satisfiable at all, i.e., is there a voting rule
fulfilling all of them? A “No”-Answer is an impossibility result

If answer is yes, does it denote a unique (class of) voting rule(s)?
—> representation theorem

Winter term 25/26 AlL | Ozgir L. Ozcep 33
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Axioms (of “Fairness”): Anonymity and Neutrality

= ['is anonymous iff identity of voters do not matter
Formally: F(<q,..,<n) = F(<z@), -, <n(n))
for any profile [<] and any permutationm: N — N.

= [ is neutral iff identity of alternatives do not matter

Formally: F(r([<])) = n(F(<))
for any profile [<] and any permutation m: A - A

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Characterization of Positional Scoring Rules
= | <] + [<']: Profile combining profiles [<] and [<'] with disjoint voter sets

» Reinforcement: F([<] + [<']) = F(I[<]) n F([<'])
for all profiles [<] and [<'] with disjoint voter sets

Theorem (Smith 73, Young 74)

A voting rule F satisfies Anonymity, Neutrality and Reinforcement iff
F is a positional scoring rule

For a characterization of Borda —> [sJalslgle [P’

Winter term 25/26 AIL | Ozgiir L. Ozcep 35
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Representation Theorems

» These kind of theorems allow a unique characterization of a
rule or a family of rules in form of axioms

Ozgiir Liitfii Ozgep

= |dea of representation theorems ubiquitous in mathematics,
. . . . Representati
heavily used in game theory and social choice theory ndho UL

and relevant for all of computer science ggirgr?cueter

ATreatment in Logic Engineering

= There are still classes of voting rules which lack a
representation theorem

@ Springer

» The setting of representation theorems is more general

Winter term 25/26 AlL | Ozgir L. Ozcep 36
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0 Representing structure
with simple construction principle

f. Structure preserving
representation maps

Represented structures

e ¢ Anystructure

Winter term 25/26 AlL | Ozgir L. Ozcep 37
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0 Representing structure
with simple construction principle
(VW beetle)

f. Structure preserving
representation maps
(VW-Beetle blueprint->

Porsche blueprint)

Represented structures
(Non-beetle cars)

e ¢ Anystructure
(VW-cars)

Winter term 25/26 AlL | Ozgir L. Ozcep 38
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0 Representing structure
with simple construction principle
(PSR)

f. Structure preserving
representation maps
(identity)

o Represented structures
(rules fulfilling Anonymity,
Neutrality, Reinforcement)

e ¢ Anystructure
(rules fulfilling Anonymity,

Neutrality, Reinforcement)
Winter term 25/26 AlL | Ozgir L. Ozcep 39
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Impossibility theorem: Arrow’s theorem

= Sometimes the axioms we set up are NOT satisfiable
—> impossibility theorem, alias: no-go theorem

= Most famous in Social Choice: Arrow’s theorem
Originally defined for output preferences that are linear rankings
We consider it in the variant of (resolute) voting rules

= Other early day no-go theorems: impossibility of a Paretian liberal (Sen
70) and a theorem related to strategy-proofness (Muller/Satterthwaite 77)

Winter term 25/26 AIL | Ozgiir L. Ozcep a4
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Axiom: Pareto

= We already saw (strict) Pareto optimality in the context of games
(Reminder: state is Pareto optimal if there exist no other state where
some player gets a strictly better outcome and all other get no worse.)

= Here, with resolute rules and in a weaker form, it becomes the following:
Weak Pareto: If N'Z! = N then y # F([<]) (for all alternatives x, y)

x>y
“If all voters prefer x over y, then y should not be declared the winner”

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Axiom: Independence

= [f alternative x wins and y does not (according to voting rule F), then x is
socially preferred to y. (If both x and y lose, then we cannot say.)

» Whether x is socially preferred to y should depend only on the relative
rankings of x and y in the profile — not on other, irrelevant, alternatives.

* Independence of irrelevant alternatives (llA): for any profiles [<], [<'] and

alternatives x + y: if NS = N[< J and F([<]) =xthenF(<") vy

x>y x>y

Winter term 25/26 AlL | Ozgir L. Ozcep 43



UH
i_i_.l

[ 21 Universitit Hamburg CHAI "7, +°
LEHRE | DER BILDUNG iti

Arrow’s Impossibility Theorem

= Aresolute rule F is a dictatorship if there exists an i € N (the dictator)
such that F ([<]) is the top-ranked alternative of <;, for every profile [<].

Theorem (Arrow 51)

Any resolute voting rule over finitely many voters and m > 3
alternatives that is Paretian and independent must be a dictatorship

= Impossibility reading: There is no voting rule for m > 3 alternatives that is
Paretian and independent and a NON-dictatorship
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No reason for despair ... escaping impossibilities

= There is no ideal voting method (would be boring anyway)

= Escaping the impossibility of Arrow: relax one of the key assumptions
infinitely many voters (Fishburn 70)
Less than 3 alternatives > May’s theorem (May 52)

No universal domain = Use constraints on domain, e.g., type of
preferences (Gaertner 01, Elkind et al 22)

Relax IIA (no unique way (Holliday/Pacuit 21)); sometimes relaxation
leads to other problems: dictator > vetoer (Baigent 87)
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Conclusion &

= SCT provides with aggregation
functions a right abstraction for
collective decision making

= Axiomatization and
representation theorems allows to
tame the plethora of aggregation
rules and to identify

= Theoretical limits in form of
impossibility theorem

Outlook

= What if voters are not honest
and/or act “strategically”?

= Preventing manipulation

- Mechanism Design: Game theory
+ Social Choice Theory
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Thanks for your attention!

https://www.philosophie.uni-hamburg.de/chai/personen/oezcep.html
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Appendix: Additional slides
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Definition (Strict weak order)

< is a strict weak order iff is
= asymmetric: if x < y then not y < x and fulfills
= Negative Transitivity: if notx < yand noty < zthennotx < z

( A more complex definition of weak order: irreflexive, transitive and
associated incomparability relation (x ~y iff notx <y and not
y < x) is also transitive. )
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Recap: Borda Example of the Intro

#

position

Borda:
4 4 9 4 2 Borda

A=4x14+4%x14+9«3+4%x2+2+x3 =47

B=4%x2+4+4%x34+9%x14+4+«x3+2x2=45

C=4%x14+4%24+9%x2+4+x1+2%x1=36

1 A ABC C C
2 B CCA B B
3 CBAB A A

So, C preferred over B preferred over A
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Borda Example of the Intro in the scoring format

Borda:
# 4 4 9 4 2 Borda

points " A=4%24+4%x24+9x0+4x14+2+x0=12
2 A ABC C C

" B=4%x14+4x04+9%x24+4x0+2%x1=24
1 B CCA B B

" C=4%x04+4*%x14+9+«14+4x2+2%x2=25
0 CBAB A A

So, C preferred over B preferred over A

m = 3; positional scoring rule: s = (2,1,0)
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Example of a Condorcet extension: Copeland

= Copeland score of an alternative x: number of candidates to whom x is
majority preferred minus the number of candidates majority preferred to
X.

= Copeland winners: are the candidates with maximal Copeland score

= Copeland-Winners([<]) =
argmaxyea ( |{y € A| Mar=l(x,y) > 0}| —
{yeA|Mar=l(y,x) >0}|)
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Characterization of Borda

= Cancels properly: If [<] is a profile s.t. the number of voters preferring x to
y is the same as the number of voters preferring y to x, for all alternatives
x,y, then F(|<]) is the set of all alternatives.

= Faithfulness: If [<] is a profile with a single voter, then F(|<]) = x for the
alternative x ranked first by the single voter.

Theorem (Young 75)

A voting rule F satisfies Anonymity, Neutrality, Reinforcement,
Faithfulness and Cancels Property iff F is the Borda rule
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