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Agents, Intellectics, and Logic (AIL) 
Lecture 05: First-Order Logic I

"I see nobody on the road," said Alice.
"I only wish I had such eyes," the King remarked in a fretful tone.
"To be able to see Nobody! And at that distance, too! Why, it's as 

much as I can do to see real people, by this light!"   

(Lewis Carroll: Through the Looking Glas –
and What Alice Found There)
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Today’s lecture based on ... 
§ Ö.Ö:  Lecture 01: Introduction in Course “Intelligent Agents “(CS 4514-

KP12), University of Luebeck
https://www.edit.fis.uni-
hamburg.de/ws/files/53892714/Intelligent_Agents.zip

§ Ö.Ö: Logic, Logic, and Logic, Lectures 1 and 2 of Course „Information 
systems CS4130“, summer term 2023, University of Luebeck
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Purpose of today’s lecture    &     Agenda
§ Understand the role of logics for 

Intellectics

§ Prepare you logic-wise for next 
lectures on logics 

§ Make you feel shout out:
“Logic, Logic, and Logic”! 

§ Motivation(s)

§ First-Order Logic: Structures

§ FOL: Syntax

§ FOL: Semantics

§ Conclusion 
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CHAI
Humanities-Centered AI

Motivation
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§ Recent LLMs are attributed 
advanced reasoning capabilities

§ Holy grail is general-purpose 
reasoning  à logics 

§ So, what is a logic?
§ Here is a general definition
§ And we will see quite a lot of 

them in the course

5Winter term 25/26 AIL | Özgür L. Özçep



CHAI
Humanities-Centered AI

Winter term 25/26 AIL | Özgür L. Özçep 6

Definition (Science of Logic and Logics)

The science of Logic is the science of systematically investigating 
structures and formal languages to describe them. 

It deals with logics, where a logic is specified by a 
§ Syntax (vocabulary, well-formed expressions: terms, formulae, 

queries, arguments, …)
§ Semantics (structures, denotation, truth conditions, validity, 

entailment, …) 
§ Calculus (inferences, proof systems, …)

Syntax Pragmatics

Epistemology

Ontology Methodology

ComplexityCalculi

Semantics
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Logics for Modeling Multi-agent Systems 
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§ Models of 
§ mental attitudes: 

epistemic, doxastic logic
§ preferences (game 

theory, social choice)

§ Models of change 
§ of attitudes: dynamic 

epistemic logic, belief 
revision mental 

§ Actions: STIT
§ Causality 

§ Models of interaction 
§ Logics for Social choice 

and Game theory
§ Judgment aggregation
§ Group knowledge 
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§ Recent LLMs are attributed 
advanced reasoning capabilities

§ Holy grail is general-purpose 
reasoning  à logics 

§ Different forms of integrating 
reasoning into LLMs 
à Neurosymbolic AI

§ Some people speculate: hybrid 
coupling with a deductive reasoner

§ How could this work?   
8
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Neurosymbolic AI: The 3rd Wave
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Abstract

Current advances in Artificial Intelligence (AI) and Machine Learn-
ing (ML) have achieved unprecedented impact across research commu-
nities and industry. Nevertheless, concerns about trust, safety, inter-
pretability and accountability of AI were raised by influential thinkers.
Many have identified the need for well-founded knowledge representa-
tion and reasoning to be integrated with deep learning and for sound
explainability. Neural-symbolic computing has been an active area of
research for many years seeking to bring together robust learning in
neural networks with reasoning and explainability via symbolic rep-
resentations for network models. In this paper, we relate recent and
early research results in neurosymbolic AI with the objective of identi-
fying the key ingredients of the next wave of AI systems. We focus on
research that integrates in a principled way neural network-based learn-
ing with symbolic knowledge representation and logical reasoning. The
insights provided by 20 years of neural-symbolic computing are shown
to shed new light onto the increasingly prominent role of trust, safety,
interpretability and accountability of AI. We also identify promising
directions and challenges for the next decade of AI research from the
perspective of neural-symbolic systems.

Keywords: Neurosymbolic Computing; Machine Learning and Reasoning;
Explainable AI; AI Fast and Slow; Deep Learning.
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ARTICLE

The third AI summer: AAAI Robert S. Engelmore Memorial
Lecture
Henry A. Kautz

Department of Computer Science, University of Rochester, Rochester, NY, USA

Correspondence
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INTRODUCTION

This article summarizes the author’s Robert S. Englemore
Memorial Lecture presented at the Thirty-Fourth AAAI
Conference on Artificial Intelligence on February 10, 2020.
It explores recurring themes in the history of AI, real and
imagined dangers from AI, and the future of the field.
We are now in AI’s third summer, a period of

rapid scientific advances, broad commercialization, and
exuberance—perhaps irrational exuberance—about our
potential to unlock the secrets of general intelligence.
Twice before the field of AI has experienced such a period,
and each was followed by a winter of collapse of com-
mercialization and drastic cuts in government investments
in research. In this essay, I will argue that despite this
cyclical history, enduring insights have blossomed each
summer. The winters can be viewed as times of contem-
plation and integration that advance through the synthe-
sis of new and old ideas. I will also argue that we may
be at the end of the cyclical pattern; although progress
and exuberance will likely slow, there are both scientific
and practical reasons to think a third winter is unlikely to
occur.
In every summer, articles and books about AIwritten for

nonexperts have found wide audiences. I read four recent
books shortly before writing this essay: The Master Algo-
rithm, by Domingos (2015); AI Superpowers, by Lee (2018);
Human Compatible, by Russell (2019); and Rebooting AI,
by Marcus and Davis (2019). This first is an objective his-
tory of machine learning, and like this essay, emphasizes
the continuous evolution of the field. The second charts
the dramatic rise in AI R&D in China and points the way

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
© 2022 The Authors. AI Magazine published by Wiley Periodicals LLC on behalf of the Association for the Advancement of Artificial Intelligence

to a utopian future. The third argues that superhuman arti-
ficial intelligence will be an existential risk if the values of
such AIs are not aligned by design with those of humans.
The fourth contends that deep learning, the most pow-
erful approach to machine learning devised to date, will
soon reach inherent limits, and that a different approach
that synthesizes recent and older approaches to AI will be
necessary in the future. This essay will touch on many of
the same elements as these three books. I will first pro-
vide a history of AI; next, discuss near-term dangers of
AI; and finally, describe a number of different technical
approaches for future AI.
If one was to create a cartoon history of AI, the first

panel would show the symbolic approach to AI—pictured,
say, as a cat, beating up on the artificial neural network
approach—let us picture it as Jerry the Mouse. The sec-
ond panel shows both Tom and Jerry shivering in a win-
tery scene; and the third shows Jerry, now grown huge and
powerful through deep learning, easily dispatching Tom
(Figure 1). There is more than a grain of truth in this car-
toonish view of the history of AI from the 1980s through
the present day. The story it presents is incomplete, how-
ever, both in chronology and in failing to illustrate the rich
set of ideas and approaches that developed and entwined
through the history of the field.

THE FIRST AI SUMMER: IRRATIONAL
EXUBERANCE, 1948–1966

William Grey Walter was a polymath in neuroscience and
electronics. As a young man in the 1930s, he built the first

AI Magazine. 2022;43:105–125. wileyonlinelibrary.com/journal/aaai 105
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What Logic can do vs.  what it was hoped to do
§ It provides neat semantic notions 

§ Thereby: explicates/enables 
checking “correctness” of systems
§ System modelled as structure; 

property as formula 
à model checking or 

§ System modelled as (set of of 
formula); property as formula 
à entailment check 

§ Super-heavy burden of founding 
mathematics – but it failed 
à Incompleteness results (Gödel)

§ Heavy burden of being one of the 
pillars of (symbolic) AI in first two 
summers of AI – but it failed 
à Too much of clumsy, manual 
work (without learning)

Winter term 25/26 AIL | Özgür L. Özçep 9
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Checking Validity of Arguments in NL
§ Logic courses in philosophy apply a procedure to check the validity of NL 

arguments 

§ Example
(1) All philosophers are wise men (premise 1)
(2) Socrates is a philosopher (premise 2)
(3) Hence: He is a wise man (conclusion)

§ This is a logically valid NL-argument: The conclusions follow (logically)  
from the premises. Why or how?

Winter term 25/26 AIL | Özgür L. Özçep 10
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Logic for Philosophy
(1) All philosophers are wise men (premise 1)
(2) Socrates is a philosopher (premise 2)
(3) Hence: He is a wise man (conclusion)

§ The conclusion follows due to (fixed semantics of the) logical symbols in 
the argument  (explicitly mentioned such as “all”, or hidden,  such as “if, 
then”) à topic-neutrality of logical constants 

§ Replacing non-logical symbols (such as “philosophers” or “Socrates”) by 
others (of same syntactical type) preserves validity

Winter term 25/26 AIL | Özgür L. Özçep 11
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Methodology for identifying good NL-arguments
I. Fix sufficiently expressive logic L

II. Extract argument(s) from text

III. Standardize involved sentences (eliminate anaphora, ambiguities, 
possibly by completion w.r.t. context)

IV. Translate into L 

V. Check whether the argument is valid (and whether premises are true in 
structure describing an actual world) 

Winter term 25/26 AIL | Özgür L. Özçep 12
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Example (Checking NL arguments)

I. Logic: L:=FOL 
II. Argument retrieval: here trivial 
III. Standardization  

(1) For all things x: if x is a philosopher, then x is a wise man. 
(2) Socrates is a philosopher
(3) Hence: Socrates is a wise man

IV. Translation:  ∀𝑥 (𝑃 𝑥 → 𝑊𝑀 𝑥 ) , 𝑃 𝑠 ⊨ 𝑊𝑀 𝑠 ?
V. Entailment indeed holds 

(can be shown by the formal definition of ⊨ in FOL)
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Some Challenging Aspects for the translation in LLMs
§ Following are general problems (also discussed in philosophy of logic)

§ Which logic L to choose?     
§ Expressivity (FOL may not be sufficient) 
§ Unique logic for NL? à Monism/pluralism debate (Paseau/Griffiths 22)

§ Arguments not easily identifiable: there may be whole dialogues, counter-
arguments etc à Argumentation theory, theory of discourse

§ Checking truth? à Semantic grounding 

Winter term 25/26 AIL | Özgür L. Özçep 14
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Wake-Up Exercise
Topic-neutrality means, in particular, that non-logical symbols 𝑃,𝑊𝑀, 𝑠, can 
be substituted uniformly with other non-logical symbols of the same type 

1. Give an example of a uniform substitution for the Socrates example

2. Given an example of a non-uniform substitution not leading to a 
formally invalid argument scheme   

3. Given an example of a uniform substitution of a logical symbol leading 
to a formally invalid argument scheme 

Winter term 25/26 AIL | Özgür L. Özçep 15
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Wake-Up Exercise
Topic-neutrality means, in particular, that non-logical symbols 𝑃,𝑊𝑀, 𝑠, can 
be substituted uniformly with other non-logical symbols of the same type 

1. Give an example of a uniform substitution for the Socrates example

Substitute uniformly P	𝑤𝑖𝑡ℎ	𝑄:	
∀𝑥 (𝑃 𝑥 → 𝑊𝑀 𝑥 ) , 𝑃 𝑠 ⊨ 𝑊𝑀 𝑠 leads to 

∀𝑥 (𝑄 𝑥 → 𝑊𝑀 𝑥 ) , 𝑄 𝑠 ⊨ 𝑊𝑀 𝑠

Winter term 25/26 AIL | Özgür L. Özçep 16
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Wake-Up Exercise
Topic-neutrality means, in particular, that non-logical symbols 𝑃,𝑊𝑀, 𝑠, can 
be substituted uniformly with other non-logical symbols of the same type 

Given an example of a non-uniform substitution not leading to a formally 
invalid argument scheme   
Substitute second occurrence of P	𝑤𝑖𝑡ℎ	𝑊𝑀:	
∀𝑥 (𝑃 𝑥 → 𝑊𝑀 𝑥 ) , 𝑃 𝑠 ⊨ 𝑊𝑀 𝑠 leads to 

∀𝑥 (𝑃 𝑥 → 𝑊𝑀 𝑥 ) , 𝑊𝑀 𝑠 ⊨ 𝑊𝑀 𝑠 (which is valid)

Winter term 25/26 AIL | Özgür L. Özçep 17



CHAI
Humanities-Centered AI

Wake-Up Exercise
Topic-neutrality means, in particular, that non-logical symbols 𝑃,𝑊𝑀, 𝑠, can 
be substituted uniformly with other non-logical symbols of the same type 

3. Given an example of a uniform substitution of a logical symbol leading 
to a formally invalid argument scheme 

Substitute →	 by  ∨. Then you get an invalid argument. 

Winter term 25/26 AIL | Özgür L. Özçep 18
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Ingredients of validity
§ As we have „only“ formulae we must state what it means that a formula 

is true in a state of affairs.
§ Specify the „meaning“ of the non-logical symbols in a so-called structure  
§ Define the satisfaction relation ⊨ between structures and formulae

𝑨 ⊨ 𝐹

§ Define an entailment relation between sets of formulae and formulae 
based on satisfaction (also denoted by the turnstile symbol “⊨ “): 

X ⊨ 𝐹

Winter term 25/26 AIL | Özgür L. Özçep 19
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First-order Logic: Structures
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First-Order Logic (FOL)
§ Also called predicate logic (or quantification logic)

§ It is first-order because quantification only over “simple” 
objects allowed – not over sets or relations

§ Aristotelian syllogisms = FOL over unary predicates 
(see Socrates example before)

§ Modern FOL starts with Frege’s ``Begriffsschrift’’
§ In essence what we will consider in the following
§ Except for his not practically useful 2-dimensional representation

Winter term 25/26 AIL | Özgür L. Özçep 21
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FOL is a formalism for investigating structures

Winter term 25/26 AIL | Özgür L. Özçep 22

Definition (Structure (informally))

Structure = 
§ (Set of objects     ;    and their interconnections) 
§ (Set of objects     ;    specific objects, relations) 
§ (domain ;    denotations)
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Example (Socrates)
§ Socrates example 
𝑨 = ( SetOfMen; 𝑠𝑨,𝑊𝑀𝑨, 𝑃𝑨 )

§ Domain:SetOfMen

§ Denotations
§ Individual Socrates

𝑠𝑨 ∈ SetOfMen
§ Set (unary relation) of wise 

men
𝑊𝑀𝑨 ⊆ SetOfMen

§ Set of philosophers 
𝑃𝑨 ⊆ SetOfMen

Winter term 25/26 AIL | Özgür L. Özçep 23
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Example (“Namen sind Schall und Rauch!?”)
§ Socrates example 
𝑨′ = (SetOfMen; 𝑠𝑨",𝑊𝑀𝑨", 𝑃𝑨" )

§ Domain:SetOfMen

§ Denotations
§ Individual Xanthippe

𝑠𝑨" ∈ SetOfMen
§ Set (unary relation) of wise 

women
𝑊𝑀𝑨" ⊆ SetOfMen

§ Set of people
𝑃𝑨" ⊆ SetOfMen

Winter term 25/26 AIL | Özgür L. Özçep 24
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Example (from Social Choice)
§ Individual preference 

𝑷𝟏 = ( 𝑠𝑢𝑛𝑛𝑦, 𝑟𝑎𝑖𝑛𝑦,𝑤𝑖𝑛𝑑𝑦 , ≺$
𝑷𝟏 )

where 
≺$
&"= { 𝑤𝑖𝑛𝑑𝑦, 𝑟𝑎𝑖𝑛𝑦 , 𝑟𝑎𝑖𝑛𝑦, 𝑠𝑢𝑛𝑛𝑦 ,

𝑤𝑖𝑛𝑑𝑦, 𝑠𝑢𝑛𝑛𝑦 }

§ Domain 
(here: choice alternatives) 

§ Denotations
(here: relation ≺$

𝑷𝟏)

§ In 𝐏𝟏:

§ relation symbol ≺$ denotes 
binary relation ≺$

𝑷𝟏

Winter term 25/26 AIL | Özgür L. Özçep 25
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Example (from Social Choice)
§ Individual preference

𝑷𝟐 = 𝑠𝑢𝑛𝑛𝑦, 𝑟𝑎𝑖𝑛𝑦,𝑤𝑖𝑛𝑑𝑦 ; ≺(
𝑷𝟐

where 
≺(
𝑷𝟐= { 𝑤𝑖𝑛𝑑𝑦, 𝑟𝑎𝑖𝑛𝑦 , (𝑤𝑖𝑛𝑑𝑦, 𝑠𝑢𝑛𝑛𝑦)}

§ Domain 
(here: choice alternatives) 

§ Denotations
(here: relation ≺(

𝑷𝟐)

§ In 𝑷𝟐:
relation symbol ≺( denotes 
binary relation ≺(

𝑷𝟐

Winter term 25/26 AIL | Özgür L. Özçep 26
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Example (from Social Choice)
§ Profile of individual preferences

𝑷𝟑 = 𝑠𝑢𝑛𝑛𝑦, 𝑟𝑎𝑖𝑛𝑦,𝑤𝑖𝑛𝑑𝑦 ; ≺$
&$, ≺(

&$

where 

§ ≺$
𝑷𝟑= { 𝑤𝑖𝑛𝑑𝑦, 𝑟𝑎𝑖𝑛𝑦 , 𝑟𝑎𝑖𝑛𝑦, 𝑠𝑢𝑛𝑛𝑦

𝑤𝑖𝑛𝑑𝑦, 𝑠𝑢𝑛𝑛𝑦 }

§ ≺(
𝑷𝟑= { 𝑤𝑖𝑛𝑑𝑦, 𝑟𝑎𝑖𝑛𝑦 , (𝑤𝑖𝑛𝑑𝑦, 𝑠𝑢𝑛𝑛𝑦)}

§ Domain 
(here: choice alternatives) 

§ Denotations
(here: two relations ≺$

𝑷𝟑, ≺(
𝑷𝟑)

Winter term 25/26 AIL | Özgür L. Özçep 27

Note that we took “an obvious” modelling of  
preference  structures. We will see, later, that 
FOL has limits w.r.t. its modelling capabilities 
w.r.t. SCT (e.g. in modelling Arrow’s theorem)
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Test your intuitions
(1) Give an example of a structure 

from your own studies 

(2) Do you have a “natural” 
example of a relation of arity 
greater than or equal to 3?

(3) Do you have an idea why the 
domain of structures is required 
to be non-empty? 

(1) Graphs 

(2) Betweenness

(3) Both ∀	𝑥 𝑥 = 𝑥 and
∀	𝑥	¬(𝑥 = 𝑥)	 bot would be 

true; dealt with in free logic 
Winter term 25/26 AIL | Özgür L. Özçep 28



CHAI
Humanities-Centered AI

First-order Logic: Syntax
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We have to talk about structures à vocabulary

Winter term 25/26 AIL | Özgür L. Özçep 30

Definition (Non-logical (relational) vocabulary 𝑉)

𝑉 = 𝑉* ∪ 𝑉+ where 

§ 𝑉*: set of constant symbols (𝑎, 𝑏, 𝑐, 𝑐$, … )
§ 𝑉+: set of relation symbols and their arities 

(𝑅, 𝑅$, 𝑆, 𝑅$, … ; arities usually left implicit)
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Definition ((Relational) Structure (formally))

A structure 𝐴 has the form 𝑨 = (𝐴;𝑅$𝑨, … , 𝑅,𝑨, 𝑐$𝑨, … , 𝑐-𝑨 )
§ 𝐴 = 𝑑𝑜𝑚 𝑨 : the domain or universe of 𝑨, a nonempty set
§ And the denotations are

§ 𝑅.𝑨 ⊆ 𝐴/: a set of 𝑛-ary tuples over 𝐴 for each relation 
symbol 𝑅. of arity 𝑛

§ 𝑐.𝑨 ∈ 𝐴: are objects/individuals from 𝐴

Functions can be treated as special relations 

Syntax Pragmatics

Epistemology

Ontology Methodology

ComplexityCalculi

Semantics
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We have to talk about structures à syntax

Winter term 25/26 AIL | Özgür L. Özçep 32

Definition (Logical Vocabulary)

§ Boolean connectives 
§ ¬ (negation, unary connector)
§ ∧ (conjunction, binary connector)

§ Other logical symbols
§ = (identity, binary relation) 
§ ∀ (universal quantifier)
§ Variables 𝑥, 𝑦, 𝑧, 𝑥$, 𝑥(, …

Syntax Pragmatics

Epistemology

Ontology Methodology

ComplexityCalculi

Semantics
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Definition (Formulae 𝐹𝑚𝑙)

§ Atomic formulae
§ If t$, t( ∈ 𝑉* ∪ 𝑉012 then 

𝑡$ = 𝑡( ∈ 𝐹𝑚𝑙 (“𝑡$ is the same as 𝑡(”) 
§ If t$, t(, … 𝑡/ ∈ 𝑉* ∪ 𝑉012 and 𝑅 is n-ary relation symbol then  

𝑅 𝑡$, … , 𝑡/ ∈ 𝐹𝑚𝑙 (“𝑡$, … , 𝑡/” stand in 𝑅-relation)  

§ Non-atomic formulae:  If 𝐹, 𝐺 ∈ 𝐹𝑚𝑙 then 
§ ¬𝐹 ∈ 𝐹𝑚𝑙 („Not 𝐹“)
§ 𝐹 ∧ 𝐺 ∈ 𝐹𝑚𝑙 („𝐹 and 𝐺“)
§ ∀𝑥 𝐹 ∈ 𝐹𝑚𝑙 („For all 𝑥 it holds that 𝐹“)

Syntax Pragmatics

Epistemology

Ontology Methodology

ComplexityCalculi

Semantics
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Bound and free occurrences of variables

Winter term 25/26 AIL | Özgür L. Özçep 34

𝐹(𝑥, 𝑦):              S x ∧	∀𝑥 𝑅(𝑥, 𝑦)

This occurrence of 𝑥 is free in 𝐹

This occurrence of 𝑥 is bound by  ∀ 𝑥 ;
it is not free  in 𝐹

This occurrence of 𝑦 is free in 𝐹

§ 𝐹(𝑥, 𝑦) is an open formula; 𝑓𝑟𝑒𝑒(𝐹) = {𝑥, 𝑦}
§ Sentences = formulae without free variables  
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Hmmm, all the sweets: syntactic sugar
Other logical symbols can be considered as abbreviations (≡)

§ Disjunction: 𝐹 ∨ 𝐺 (“𝐹 or 𝐺”) ≡ ¬( ¬ 𝐹 ∧ ¬𝐺)

§ Implication: 𝐹 → 𝐺 (“If 𝐹 then 𝐺”) ≡ (¬𝐹 ∨ 𝐺)

§ Biimplication:  𝐹 ↔ 𝐺 (“𝐹 iff 𝐺”) ≡ 𝐹 → 𝐺 ∧ (𝐺 → 𝐹)

§ Existential 
quantifier: ∃𝑥 𝐹 (“There is an 𝑥 ≡ ¬ ∀𝑥 ¬𝐹

such that 𝐹”)
Winter term 25/26 AIL | Özgür L. Özçep 35
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First-order Logic: Semantics 
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FOL semantics: Interpretations 
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Definition (Interpretation)

§ Interpretations 𝑰 = (𝑨, 𝑣) are structures 𝑨 together with a 
function 𝜈 assigning each variable an element of 𝑑𝑜𝑚(𝑨)

§ 𝑥-variant 𝑰[𝒙↦𝒅] = (𝐀, 𝝂′): 𝜈′ is the same as 𝜈 except that 𝜈′ 𝑥 = 𝑑

§ Interpretation of terms:
§ 𝐼 𝑐 = 𝑐𝑨 for constants 
§ 𝐼 𝑥 = 𝜈 𝑥

Syntax Pragmatics

Epistemology

Ontology Methodology

ComplexityCalculi

Semantics
Side note: The correct treatment of variables is not trivial. 
Alternative approaches exists (Button/Walsh 18)
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Definition (𝑰 satisfies/makes true/is a model of 𝐹, shortly:  𝑰 ⊨ 𝐹)

§ 𝑰 ⊨ 𝑡$ = 𝑡( iff 𝑰 𝑡$ = 𝑰(𝑡()
§ 𝑰 ⊨ 𝑅(𝑡$, … , 𝑡/) iff ( 𝑰 𝑡$), … , 𝑰 𝑡/ ∈ 𝑅𝑨
§ 𝑰 ⊨ ¬𝐹 iff not 𝑰 ⊨ 𝐹
§ 𝑰 ⊨ 𝐹 ∧ 𝐺 iff 𝑰 ⊨ 𝐹 and 𝑰 ⊨ 𝐺
§ 𝑰 ⊨ ∀𝑥𝐹 iff for all 𝑑 ∈ 𝐴 ∶ 𝑰 8↦9 ⊨ 𝐹

§ Alternative notation 
𝑨 ⊨ 𝐹 𝑥$ ↦ 𝑑$, … 𝑥/ ↦ 𝑑/ or even 𝑨 ⊨ 𝐹(𝒙 ↦ 𝒅)
(for {𝑥$, … , 𝑥/} = 𝑓𝑟𝑒𝑒(𝐹) and 𝜈 𝑥$ = 𝑑$, … 𝜈(𝑥/) = 𝑑/)

Syntax Pragmatics

Epistemology

Ontology Methodology

ComplexityCalculi

Semantics
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Example (Model-Checking = Testing satisfaction)

𝑷𝟏 = ( 𝑠, 𝑟, 𝑤 , ≺$
𝑷𝟏 )where 

≺$
𝑷𝟏= { 𝑤, 𝑟 , 𝑟, 𝑠 , 𝑤, 𝑠 }

§ 𝑷𝟏 ⊨ „Is≺$ transitive“? 

§ Formally:
𝑷𝟏 ⊨
∀𝑥∀𝑦∀𝑧 𝑥 ≺$ 𝑦 ∧ 𝑦 ≺$ 𝑧 → 𝑥 ≺$ 𝑧 ?

§ Yes! 
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Example (Model-Checking = Testing satisfaction)

𝑷𝟏 = ( 𝑠, 𝑟, 𝑤 , ≺$
𝑷𝟏 )where 

≺$
𝑷𝟏= { 𝑤, 𝑟 , 𝑟, 𝑠 , 𝑤, 𝑠 }

§ 𝑷𝟏 ⊨ „Is 𝑠 more preferred to 𝑟“? 

§ Formally:
𝑷𝟏 ⊨ 𝑥 ≺$ 𝑦 [𝑥 ↦ 𝑟, 𝑦 ↦ 𝑠]?

§ Yes! 
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Example (Model-Checking = Testing satisfaction)

𝑷𝟏 = ( 𝑠, 𝑟, 𝑤 , ≺$
𝑷𝟏 )where 

≺$
𝑷𝟏= { 𝑤, 𝑟 , 𝑟, 𝑠 , 𝑤, 𝑠 }

§ 𝑷𝟏 ⊨ „Is there something more
preferred to 𝑠“?	

§ Formally:
𝑷𝟏 ⊨ ∃𝑦 𝑥 ≺$ 𝑦 [𝑥 ↦ 𝑠]?

§ No!

Winter term 25/26 AIL | Özgür L. Özçep 41

𝑤 𝑟 𝑠



CHAI
Humanities-Centered AI

Example (Model-Checking = Testing satisfaction)

𝑷𝟏 = ( 𝑠, 𝑟, 𝑤 , ≺$
𝑷𝟏 )where 

≺$
𝑷𝟏= { 𝑤, 𝑟 , 𝑟, 𝑠 , 𝑤, 𝑠 }

§ 𝑷𝟏 ⊨ „Is each pair of different 
alternatives ≺$- related?“

§ Formally:
𝑷𝟏 ⊨ ∀𝑥, 𝑦 (x = y ∨ 𝑥 ≺$ 𝑦 ∨ 𝑦 ≺$ 𝑥)?

§ Yes!
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Test your understanding 

𝑷𝟐 = ( 𝑠, 𝑟, 𝑤 , ≺(
𝑷𝟐 )where 

≺(
𝑷𝟐= { 𝑤, 𝑟 , 𝑤, 𝑠 	}

(1) 𝑷𝟐 ⊨ ∃𝑥∃𝑦 𝑥 ≺( 𝑦

(2) 𝑷𝟐 ⊨
∀𝑥∀𝑦∀𝑧 ( 𝑥 ≺( 𝑦 ∧ 𝑦 ≺( 𝑧

(3) 𝑷𝟐 ⊨ 𝑥 ≺( 𝑦 [𝑥 ↦ 𝑟, 𝑦 ↦ 𝑠]

(4) 𝑷𝟐 ⊨ ∃𝑦 𝑥 ≺( 𝑦 [𝑥 ↦ 𝑠]

(5) 𝐏𝟐 ⊨ ∀𝑥, 𝑦 (𝑥 = 𝑦 ∨ 𝑥 ≺( 𝑦 ∨
𝑦 ≺( 𝑥)?
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Test yourself 

𝑷𝟐 = ( 𝑠, 𝑟, 𝑤 , ≺(
𝑷𝟐 )where 

≺(
𝑷𝟐= { 𝑤, 𝑟 , 𝑤, 𝑠 	}

(1) 𝑷𝟐 ⊨ ∃𝑥∃𝑦 𝑥 ≺( 𝑦

(2) 𝑷𝟐 ⊨
∀𝑥∀𝑦∀𝑧 ( 𝑥 ≺( 𝑦 ∧ 𝑦 ≺( 𝑧

(3) 𝑷𝟐 ⊨ 𝑥 ≺( 𝑦 [𝑥 ↦ 𝑟, 𝑦 ↦ 𝑠]

(4) 𝑷𝟐 ⊨ ∃𝑦 𝑥 ≺( 𝑦 [𝑥 ↦ 𝑠]

(5) 𝐏𝟐 ⊨ ∀𝑥, 𝑦 (𝑥 = 𝑦 ∨ 𝑥 ≺( 𝑦 ∨
𝑦 ≺( 𝑥)?
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𝑤 𝑟

𝑠

(1) Yes

(2) Yes

(3) No

(4) No

(5) No
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Definition Entailment ( ⊨)

§ 𝑋: set of sentences
§ 𝐹: formula
We say 𝑋 entails 𝐹, 
abbreviated, 

𝑋 ⊨ 𝐹
iff each interpretation 
that is a model of all 
formulae in 𝑋 is also a 
model of 𝐹

𝑀𝑜𝑑(𝐹)

𝑀𝑜𝑑(𝑋)

𝑀𝑜𝑑 𝑋 = all interpretations 
making all formulae of 𝑋 true
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Definition Entailment ( ⊨)

§ 𝑋: set of sentences
§ 𝐹: formula
We say 𝑋 entails 𝐹

𝑋 ⊨ 𝐹
iff each interpretation 
that is a model of all 
formulae in 𝑋 is also a 
model of 𝐹

Syntax Pragmatics

Epistemology

Ontology Methodology

ComplexityCalculi

Semantics

Example (Socrates)

§ ∀𝑥 (𝑃 𝑥 → 𝑊𝑀 𝑥 ) , 𝑃 𝑠 ⊨ 𝑊𝑀 𝑠
§ Proof: Let 

(1) 𝐴 ⊨ ∀𝑥 (𝑃 𝑥 → 𝑊𝑀 𝑥 ) and 
(2) 𝐴 ⊨ 𝑃 𝑠
§ (1) says that any object in the domain 

of 𝐴must be in the denotation of 𝑊𝑀
if it is in the denotation of 𝑃. 

§ (2) says: 𝑠: is in the denotation of 𝑃. So 
it must be in the denotation of 𝑊𝑀. 
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(Further) Semantic notions and algorithmic problems 
§ Model checking 

§ Entailment
(validity of argument)

§ Satisfiability 

§ Validity of formulae

§ In: interpretation 𝑰, formula 𝐹
Out: (Answer to)  „𝑰 ⊨ 𝐹?“

§ In: set of formulae 𝑋, formula 𝐹; Out: 𝑋 ⊨ 𝐹?

§ In: set of formulae 𝑋; Out: does there exist an 
interpretation 𝑰with 𝑰 ⊨ 𝐹 for all 𝐹 ∈ 𝑋?

§ In: formula 𝐹; Out: is for all 𝑰, 𝑰 ⊨ 𝐹?
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(Further) Semantic notions and algorithmic problems 
§ Contradiction

§ … 

§ In: formula 𝐹; Out: is for all 𝑰, not 𝑰 ⊨ 𝐹?

§ Many further semantic notions (for fragments of 
FOL); 

§ For example, in so-called description logics: 
taxonomy, most specific concepts, minimal 
common subsumers etc. 
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Conclusion
§ Logic provides a foundation for 

relevant notions associated with 
validity of arguments

§ FOL is a (widely) investigated logic 
for investigating various 
structures 

§ We considered the basic syntax 
and semantics of FOL

§ Next week
§ Towards algorithmization

(via calculi) 
§ Complexity 
§ Modelling (Arrow’s theorem ) 

with FOL
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Thanks for your attention!

Winter term 25/26
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Appendix


