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"I see nobody on the road," said Alice.

“lonly wish I had such eyes," the King remarked in a fretful tone.
"To be able to see Nobody! And at that distance, too! Why, it's as
much as | can do to see real people, by this light!"

(Lewis Carroll: Through the Looking Glas —
and What Alice Found There)

Ozgiir L. Ozcep

Agents, Intellectics, and Logic (AIL)
Lecture 05: First-Order Logic |
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Today’s lecture based on ...

= 0.0: Lecture 01: Introduction in Course “Intelligent Agents “(CS 4514-
KP12), University of Luebeck
https://www.edit.fis.uni-

hamburg.de/ws/files/53892714/Intelligent Agents.zip

= 0.0: Logic, Logic, and Logic, Lectures 1and 2 of Course ,Information
systems CS4130%, summer term 2023, University of Luebeck

Winter term 25/26 AlL | Ozgir L. Ozcep 2
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Purpose of today’s lecture & Agenda

= Understand the role of logics for
Intellectics

= Prepare you logic-wise for next
lectures on logics

= Make you feel shout out:
“Logic, Logic, and Logic”!

Winter term 25/26 AIL | Ozgiir L. Ozcep

= Motivation(s)

= First-Order Logic: Structures
= FOL: Syntax

= FOL: Semantics

= Conclusion
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Motivation
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OpenAl’'s 03: The Next Leap in Al

https:/medium
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Cornell University

= Recent LLMs are attributed o
\ > cs > arXiv:2312.11562

Advancing Al's Cognitive Horizons: 8 Significant

advanced reasoning capabilities

Computer Science > Artificial Intelligence
[Submitted on 17 Dec 2023 (v1), last revised 25 Jan 2024 (this version, v5)]

A Survey of Reasoning with Foundation Models

Jiankai Sun, Chuanyang Zheng, Enze Xie, Zhengying Liu, Ruihang Chu, Jianir
Hongyang Li, Mengzhe Geng, Yue Wu, Wenhai Wang, Junsong Chen, Zhangy
' Junxian He, Wu Yuan, Qi Liu, Xihui Liu, Yu Li, Hao Dong, Yu Cheng, Ming Zh
Ping Luo, Jinadona Wana. Ji-Ronag Wen, Xipena Qiu, Yike Guo, Hui Xiona, Qt

» Holy grail is general-purpose
reasoning -2 logics

- 4
Examples of OpenAl 03 Usage hitps://chatgpt.co.uk/openai-03/

1. Coding: The 03 was tested in software development environments, demonstrating its ability to generate complex code,

L] L]
- S O ) W h a t I S a | Og I C ? solve programming problems with high accuracy, and even understand nuances of different programming languages.

2. Mathematics and Scientific Reasoning: This model sets new benchmarks in mathematical and scientific reasoning tasks,

= Here is a general definition p—

ARC-AGI: The 03 also made significant progress in the ARC-AGI (Abstraction and Reasoning Corpus), a test designed t
[ A n d We Wi | | S e e q u it e a | Ot Of evaluate Al models' ability to perform tasks requiring abstraction and reasoning, essential for advancing towards artificial
L]
them in the course
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Syntax - Pragmatics

Definition (Science of Logic and Logics)

The science of Logic is the science of systematically investigating
structures and formal languages to describe them.

It deals with logics, where a logic is specified by a

= Syntax (vocabulary, well-formed expressions: terms, formulae,
queries, arguments, ...)

= Semantics (structures, denotation, truth conditions, validity,
entailment, ...

= Calculus (inferences, proof systems, ...)

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Logics for Modeling Multi-agent Systems

= Models of interaction

= Logics for Social choice
and Game theory

= Judgment aggregation

= Group knowledge

Winter term 25/26

= Models of
= mental attitudes:
sensors epistemic, doxastic logic
= preferences (game
theory, social choice)

pEI’CEptS
actions &
= * Models of change
P' = of attitudes: dynamic
epistemic logic, belief
revision mental
effectors Actions: STIT

Causality

AlL | Ozgir L. Ozcep 7
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[Submitted on 17 Dec 2023 (v1), last revised 25 Jan 2024 (this version, v5)]
A Survey of Reasoning with Foundation Models

Jiankai Sun, Chuanyang Zheng, Enze Xie, Zhengying Liu, Ruihang Chu, Jianir
Hongyang Li, Mengzhe Geng, Yue Wu, Wenhai Wang, Junsong Chen, Zhangy

» Holy grail is general-purpose
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Examples of OpenAl 03 Usage hitps://chatgpt.co.uk/openai-03/

1. Coding: The 03 was tested in software development environments, demonstrating its ability to generate complex code,

- D Iffe re n t fo r m S Of I n teg rat I n g solve programming problems with high accuracy, and even understand nuances of different programming languages.

2. Mathematics and Scientific Reasoning: This model sets new benchmarks in mathematical and scientific reasoning tasks,

re a S O n i n g i n to L L N\ S enabling the resolution of advanced mathematical problems and the interpretation of scientific data with remarkable

precision.
3. ARC-AGI: The 03 also made significant progress in the ARC-AGI (Abstraction and Reasoning Corpus), a test designed to

- N mbolic Al
e u ro Sy b O I C evaluate Al models' ability to perform tasks requiring abstraction and reasoning, essential for advancing towards artificial
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! City, University of London, UK ARTICLE

a.garcez@Qcity.ac.uk

coupling with a deductive reasoner st i s o

luislamb@acm.org

The third AI summer: AAAI Robert S. ]
Lecture

December, 2020

= How could this work?

W| nte r te rm 25/2 6 AI L | O Zg U rdmrQZ@%ps in Artificial Intelligence (AI) and Machine Learn- HEDI'Y A. Kautz

ing (ML) have achieved unprecedented impact across research commu-
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What Logic can do vs.  what it was hoped to do

= |t provides neat semantic notions = Super-heavy burden of founding

* Thereby: explicates/enables

checking “correctness” of systems

= System modelled as structure;
property as formula
- model checking

= System modelled as (set of of
formula); property as formula
- entailment check

Winter term 25/26

mathematics — but it failed
- Incompleteness results (Godel)

= Heavy burden of being one of the
pillars of (symbolic) Al in first two
or summers of Al — but it failed

—> Too much of clumsy, manual
work (without learning)

AlL | Ozgir L. Ozcep 9
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Checking Validity of Arguments in NL

= Logic courses in philosophy apply a procedure to check the validity of NL
arguments

= Example
All philosophers are wise men (premise 1)
Socrates is a philosopher (premise 2)
Hence: He is a wise man (conclusion)

= This is a logically valid NL-argument: The conclusions follow (logically)
from the premises. Why or how?

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Logic for Philosophy
All philosophers are wise men (premise 1)
Socrates is a philosopher (premise 2)
Hence: He is a wise man (conclusion)

= The conclusion follows due to (fixed semantics of the) logical symbols in
the argument (explicitly mentioned such as “all”, or hidden, such as “if,
then”) - topic-neutrality of logical constants

= Replacing non-logical symbols (such as “philosophers” or “Socrates”) by
others (of same syntactical type) preserves validity

Winter term 25/26 AIL | Ozgiir L. Ozcep

1
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Methodology for identifying good NL-arguments
. Fix sufficiently expressive logic L
Il. Extract argument(s) from text

lll. Standardize involved sentences (eliminate anaphora, ambiguities,
possibly by completion w.r.t. context)

V. TranslateintoL

V. Check whether the argument is valid (and whether premises are true in
structure describing an actual world)

Winter term 25/26 AlL | Ozgir L. Ozcep 12
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. Logic: L:=FOL
. Argument retrieval: here trivial
lll. Standardization
(1) Forall things x: if x is a philosopher, then x is a wise man.
(2) Socrates is a philosopher
(3) Hence: Socrates is a wise man
IV. Translation: {Vx (P(x) > WM(x)) , P(s) } E WM(s)?
V. Entailmentindeed holds
(can be shown by the formal definition of = in FOL)

Winter term 25/26 AIL | Ozgiir L. Ozcep

13
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Some Challenging Aspects for the translation in LLMs

= Following are general problems (also discussed in philosophy of logic)

= Which logic L to choose?
Expressivity (FOL may not be sufficient)
Unique logic for NL? > Monism/pluralism debate (Paseau/Griffiths 22)

= Arguments not easily identifiable: there may be whole dialogues, counter-
arguments etc > Argumentation theory, theory of discourse

= Checking truth? - Semantic grounding

Winter term 25/26 AIL | Ozgiir L. Ozcep 14
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Wake-Up Exercise

Topic-neutrality means, in particular, that non-logical symbols P, WM, s, can
be substituted uniformly with other non-logical symbols of the same type

1. Give an example of a uniform substitution for the Socrates example

2. Given an example of a non-uniform substitution not leading to a
formally invalid argument scheme

3. Given an example of a uniform substitution of a logical symbol leading
to a formally invalid argument scheme

Winter term 25/26 AlL | Ozgir L. Ozcep 15
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Wake-Up Exercise

Topic-neutrality means, in particular, that non-logical symbols P, WM, s, can
be substituted uniformly with other non-logical symbols of the same type

1. Give an example of a uniform substitution for the Socrates example

Substitute uniformly P with Q:
{Vx (P(x) > WM(x)), P(s)} E WM(s) leads to

{(Vx (Q(x) > WM(x)) , Q(s) } = WM(s)

Winter term 25/26 AlL | Ozgir L. Ozcep 16
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Wake-Up Exercise

Topic-neutrality means, in particular, that non-logical symbols P, WM, s, can
be substituted uniformly with other non-logical symbols of the same type

Given an example of a non-uniform substitution not leading to a formally

invalid argument scheme
Substitute second occurrence of P with WM:
{Vx (P(x) > WM(x)), P(s)} E WM(s) leads to

{Vx (P(x) > WM(x)) , WM(s) } E WM(s) (which is valid)

Winter term 25/26 AlL | Ozgir L. Ozcep 17
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Wake-Up Exercise

Topic-neutrality means, in particular, that non-logical symbols P, WM, s, can
be substituted uniformly with other non-logical symbols of the same type

3. Given an example of a uniform substitution of a logical symbol leading
to a formally invalid argument scheme

Substitute — by V. Then you get an invalid argument.

Winter term 25/26 AlL | Ozgir L. Ozcep 18
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Ingredients of validity

= As we have ,only” formulae we must state what it means that a formula
is true in a state of affairs.

Specify the ,meaning” of the non-logical symbols in a so-called structure

Define the satisfaction relation & between structures and formulae
AEF

= Define an entailment relation between sets of formulae and formulae

based on satisfaction (also denoted by the turnstile symbol “E “):
XEF

Winter term 25/26 AlL | Ozgir L. Ozcep 19
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First-order Logic: Structures
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First-Order Logic (FOL)

= Also called predicate logic (or quantification logic)

= |t is first-order because quantification only over “simple”
objects allowed — not over sets or relations

n_0 A—n<b

= Aristotelian syllogisms = FOL over unary predicates ! 20,415,
(see Socrates example before) b<B
n>0
= Modern FOL starts with Frege’s "~ 'Begriffsschrift” — | ‘;:b -
+ 1 =10
" In essence what we will consider in the following of

= Except for his not practically useful 2-dimensional representation

Winter term 25/26 AlL | Ozgir L. Ozcep 21
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FOL is a formalism for investigating structures

Definition (Structure (informally))

Structure =

= (Setof objects ; and theirinterconnections)
= (Set of objects ; specific objects, relations)

= (domain ; denotations)

Winter term 25/26 AlL | Ozgir L. Ozcep 22
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Example (Socrates)

= Socrates example
A = (SetOfMen; s4, WMA4,p4)

Winter term 25/26

= Domain:SetOfMen

= Denotations

= Individual Socrates
s4 € SetOfMen

= Set (unary relation) of wise
men
WMA c SetOfMen

= Set of philosophers
P4 c SetOfMen

AlL | Ozgir L. Ozcep
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Example (“Namen sind Schall und Rauch!?”)

= Socrates example * Domain:SetOfMen

A’ = (SetOfMen; s, WM4, p4") = Denotations

= Individual Xanthippe
s € SetOfMen

= Set (unary relation) of wise
women
WMA c SetOfMen

= Set of people
PA" c SetOfMen

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Example (from Social Choice)

= Individual preference = Domain
(here: choice alternatives)
P, = ({sunny, rainy, windy}, <11)1 ) = Denotations
where (here: relation <11)1)

<§’1 = {(windy, rainy), (rainy, sunny), In P
"IN .
(windy, sunny)} :

= relation symbol <, denotes
. e P
binary relation <!

Winter term 25/26 AlL | Ozgir L. Ozcep 25
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Example (from Social Choice)

= Individual preference = Domain
(here: choice alternatives)

. . P
P, = ({sunny, rainy, windy} ; <,? ) = Denotations

. P
where (here: relation <?)

<12)2 = {(windy, rainy), (windy, sunny)}
= n Pz!
relation symbol <, denotes

: : P,
binary relation <,

Winter term 25/26 AlL | Ozgir L. Ozcep 26
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Example (from Social Choice)

= Profile of individual preferences = Domain

(here: choice alternatives)
. . P; P
P3 = ( {sunny,rainy,windy} ; <;>,<,°) . Denotations

wher : P P
ere (here: two relations < 3, <3)

o <11) ’= {(windy, rainy), (rainy, sunny)

(Wlndy’ Sunny) } Note that we took “an obvious” modelling of
preference structures. We will see, later, that

= <P3 = {(windy, rainy), (windy, sunn FOL has limits w.r.t. its modelling capabilities
2

w.r.t. SCT (e.g. in modelling Arrow’s theorem)

Winter term 25/26 AlL | Ozgir L. Ozcep 27
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Test your intuitions

(1) Give an example of a structure (1) Graphs

from your own studies

(2) Do you have a “natural”
example of a relation of arity
greater than or equal to 37

(3) Do you have an idea why the

domain of structures is required

to be non-empty?

Winter term 25/26

(2) Betweenness

(3) BothV x (x = x) and
V x =(x = x) bot would be
true; dealt with in free logic

AlL | Ozgir L. Ozcep
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First-order Logic: Syntax
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We have to talk about structures = vocabulary

Definition (Non-logical (relational) vocabulary V)

V =V.U Vi where

= V.. setof constant symbols (a,b,c,cy, ...)
= VR: setofrelation symbols and their arities
(R,Ry,S, Ry, ...; arities usually left implicit)

Winter term 25/26 AlL | Ozgir L. Ozcep 30
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Syntax - Pragmatics

Definition ((Relational) Structure (formally))

A structure A hastheform A = (4;R4, .. R, c4, ..., c)

1, e
= A= dom(A): the domain or universe of 4, a nonempty set

= And the denotations are
= RAcCA™ a set of n-ary tuples over A for each relation
symbol R; of arity n

= e A: are objects/individuals from A

Functions can be treated as special relations

Winter term 25/26 AlL | Ozgir L. Ozcep 31
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Syntax Pragmatics

We have to talk about structures = syntax

Definition (Logical Vocabulary)

= Boolean connectives
= — (negation, unary connector)

= A (conjunction, binary connector)

= Other logical symbols
= = (identity, binary relation)
= V  (universal quantifier)
= Variables {x,y,z xq{, x5, ... }

Winter term 25/26 AlL | Ozgir L. Ozcep 32
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Syntax Pragmatics

Definition (Formulae Fml)

= Atomic formulae
= Ifty,t, €V, UV,  then
t; =t, € Fml (“t; is the same as t,”)
= Ifty,ty, ...ty € V. UV,4 and R is n-ary relation symbol then

R(t,..,t,) € Fml  (“ty,..,t,” stand in R-relation)

= Non-atomic formulae: If F,G € Fml then

= —F € Fml (,,NOt F“)
= (FAG) € Fml (,F and G*)
» Vx F € Fml (,For all x it holds that F*)

Winter term 25/26 AlL | Ozgir L. Ozcep 33
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Bound and free occurrences of variables

This occurrence of x is freein F

This occurrence of y is free in F

F(x,y): S(x) A Vx R(x,y)

This occurrence of x is bound by V x ;

itis not free in F

= F(x,y)isanopenformula; free(F) = {x,y}
= Sentences = formulae without free variables

Winter term 25/26 AlL | Ozgir L. Ozcep 34
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Hmmm, all the sweets: syntactic sugar

Other logical symbols can be considered as abbreviations (=)

= Disjunction: FVvG (“ForG”) = (= F AAG)
* Implication: F — G (“If FthenG”) = (=F V G)
= Biimplication: F & G (“F iff G”) = (F >G)AN(G - F)
= Existential
quantifier:  Ix F (“Thereisan x = - Vx —F
such that F”)

Winter term 25/26 AIL | Ozgiir L. Ozcep
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First-order Logic: Semantics
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Syntax Pragmatics

FOL semantics: Interpretations

Definition (Interpretation)

= Interpretations I = (4, v) are structures A together with a
function v assigning each variable an element of dom(A)

= x-variant Ij,,q) = (A,v'): V' is the same as v except thatv'(x) = d

= |nterpretation of terms:
= J(c) = ¢4 for constants

= J(x) =v(x)

Winter term 25/26 AlL | Ozgir L. Ozcep 37
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Syntax ’ Pragmatics

= JEt; =t iff I1(t;) = I(ty)
= I ER(ty, .., t,) iff (I(ty), .., I(t,)) € RA

= ] =E—F iff notl £ F
= JEFAG iff IEFandI EG
= ] EVxF iff foralld € A: I g FF

= Alternative notation
AE F(x;—dq..x,—d,) or even AEF(x~d)
(for {xy, ..., x,} = free(F) and v(x,) = d4, ... v(x,) = d,,)

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Example (Model-Checking = Testing satisfaction)

P, = ({s,r,w}, <1 )where ®P1FE,ls<; transitive?

<11)1= {(w,r),(r,s),Ww,s)} = Formally:
P E
VxVyVz ((x <{ YAy <, 2) o Xx <1 2)?

= Yes!
Vv

w r

Winter term 25/26 AlL | Ozgir L. Ozcep 39
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Example (Model-Checking = Testing satisfaction)
Py = ({s,7,w}, <’1’1 Ywhere * P1 F,lss more preferred to r“?

<11)1= {(w,r),(r,s),Ww,s)} = Formally:
PiEx<i ylxwHryms]|?

= Yes!

& o5
S

w r

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Example (Model-Checking = Testing satisfaction)
P, = ({s,7,w}, <’1’1 Ywhere ® Pj E,ls there something more

P, preferred to s*?
< '={w,r),(r,5s),Wws)}
= Formally:
P{E3dyx <y y[x - s]?

= No!
Fasvant

w r

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Example (Model-Checking = Testing satisfaction)

P, = ({s 1w} <’1’1 Ywhere = Py F,ls each pair of different
P, alternatives <;- related?”
<;'={w,r),(@,5s),Wws)}

= Formally:
PiEVX,y(X=yV x<{ yVy<; x)?

= Yesl!
Vv

w r
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Test your understanding

P, = ({s,r,w}, <1232 ) where
<P2={(w,7),(W,s)}

S
w r

Winter term 25/26

(1) P, E3IxTy(x <, y)

(2) Py F
VxVyVz ((x <, YAy <, Z)

(3) P, Ex<, y[x>r,yHs]
(4) P, E3dyx <, y[x - s]

(5) P EVX,y(x=yVx <, yV
y <3 x)?

AlL | Ozgir L. Ozcep
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Test yourself
P, = ({s,r,w}, <§2 Ywhere (1) Pz E3x3y(x <, y) (1) Yes

2= {(w,1),W,)} (2) Py £ (2) Yes
VxVyVz ((x <, YAy <, Z)

3) PrEx<, y[xHorym—s] (3) No

S (4) P, Edyx<, y[x 5] (4) No
Wéz; (5) P, EVx,y(x=yVx<, yVv (5 No
y <z x)?
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Definition Entailment ( =) Mod(F)

= X:set of sentences
= F:formula

We say X entails F,
abbreviated,
XEF
iff each interpretation
that is a model of all
formulae in X is also a Mod(X) = all interpretations
model of F making all formulae of X true

Winter term 25/26 AlL | Ozgir L. Ozcep 45
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Syntax
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Complexity
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’ Pragmatics

Definition Entailment ( )

= X:setof sentences

= F:formula

We say X entails F
XEF

iff each interpretation

that is a model of all

formulae in X is also a

model of F

Winter term 25/26

= {Vx(P(x) > WM(x)),P(s)} = WM(s)

= Proof: Let

(1) AEVx(P(x) > WM(x)) and

(2) A E P(s)

(1) says that any object in the domain
of A must be in the denotation of WM
if it is in the denotation of P.

= (2) says: s is in the denotation of P. So
it must be in the denotation of WM.
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(Further) Semantic notions and algorithmic problems

* Model checking =In: interpretation I, formula F
Out: (Answerto) I E F?“

= Entailment = In: set of formulae X, formula F; Out: X E F?
(validity of argument)

= Satisfiability = In: set of formulae X; Out: does there exist an
interpretation I with I = F forall F € X?

= Validity of formulae = In:formula F; Out:isforall I,I & F?
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(Further) Semantic notions and algorithmic problems

= Contradiction = In: formula F; Out:isforallI,notI & F?
.. = Many further semantic notions (for fragments of
FOL);

= For example, in so-called description logics:
taxonomy, most specific concepts, minimal
common subsumers etc.
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Conclusion

= Logic provides a foundation for = Next week
relevant notions associated with = Towards algorithmization
validity of arguments (via calculi)

= FOL is a (widely) investigated logic " Complexity
for investigating various = Modelling (Arrow’s theorem )
structures with FOL

= We considered the basic syntax
and semantics of FOL
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Thanks for your attention!

https://www.philosophie.uni-hamburg.de/chai/personen/oezcep.html
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