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Agents, Intellectics, and Logic (AIL)
Lecture 06: First-Order Logic I
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Todays lecture based on ...

= 0.0: Logic, Logic, and Logic, Lectures 1and 2 of Course ,Information
systems CS4130%, summer term 2023, University of Luebeck
https://www.edit.fis.uni-

hamburg.de/admin/files/53934018/InformationssystemeVorlesung.zip

= Ulle Endriss: Lecture 10 of Course “Computational Social Choice” 2024
https://staff.fnwi.uva.nl/u.endriss/teaching/comsoc/2024/
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Reminder: Semantic notions and algorithmic problems

* Model checking =In: interpretation I, formula F
Out: (Answerto) I E F?“

= Entailment = In: set of formulae X, formula F; Out: X E F?

= Satisfiability " In: set of formulae X; Out: does there exist an
interpretation I with I = F forall F € X?

» Validity of formulae = In:formula F; Out:isforall I,I & F?

= Contradiction = In: formula F; Out:isforallI,notI & F?

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Algorithmic Problems
= Discussion of algorithmization is relevant ....

= ... because, e.g., the definition of entailment does not say anything how to
compute in a finite amount of time with discrete simple stepsthat X & F

= Definition also does not say anything resource consumption (memory,
time depending on size of input) > complexity theory

= Some algorithmizations use reductions of semantic notions to others

Winter term 25/26 AIL | Ozgiir L. Ozcep 4
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Example reduction: Entailment to unsatisfiability

» Observation: X e Fiff XU {=F}is
unsatisfiable

XEF?
= That means: We can build an yes
entailment tester if we have built an RN IRV ETIN | XUl l::
(un)satisfiability tester ' no

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Test your intuition

= Q: Can you provide a reduction of unsatisfiability testing to entailment
testing?

= A: X is unsatisfiable iff X £ (-a = a)

= What could be a good reason to stick to different forms of reasoning
services —though they are (in some cases) irreducible to each other?

= A: Sometimes such a reduction is not possible (say no negation provided)
or is unconvenient (regarding comprehensibility)

Winter term 25/26 AlL | Ozgir L. Ozcep 6
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Challenges for FOL algorithmic problems

= First challenge: domain of structure may be infinite

But this is not the main problem (finite model theory deals finite models
only, but the algorithmic problems are even more difficult)

= Second challenge: number of possible structures is infinite!

Solution: tame the infinite by “syntactifying” the problem
- Calculus

Winter term 25/26 AlL | Ozgir L. Ozcep 7
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Purpose of today’s lecture & Agenda

= Understand the basicidea of calculiin = Calculi

logics
5 = Resolution Calculus for FOL

= Understand the (modelling) limits of

FOL = Properties of FOL

= Modellings Arrow’s theorem
in FOL

Winter term 25/26 AlL | Ozgir L. Ozcep 8
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Calculi: Motivation and basic ideas




Ontology Methodology
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Syntax ’ Pragmatics

:(F(a) - (G(a) » H(a)),F(a),G(a) E H(a) (*)

= Could show (*) directly by definition 2z (F(@) - (6@ - H(@)
of entailment E. 2. Fl
3. G(a)
= Instead: Derive (=prove) with 4 G@~-H@ (by MPon 1.,2)
“obvious” smaller entailments 5 H@ (by MPon 3., 4.)

* |t produces an interim result 4.

= |In this example: “modus ponens” : )
P P and, finally, the conclusion 5.

F,FF ->GEG MP : :
” (MP) = Both times applying MP to

» The derivation/proof starts with already derived sentences

remises 1., 2., 3 .
P » Example of a natural deduction

Winter term 25/26 AlL | Ozgir L. Ozcep 10



v
[T:
m . m
4N Universitdt Hamburg CHAI "7, 0
DER FORSCHUNG | DER LEHRE | DER BILDUNG ities-

Idea of calculi (shown for entailment problem X = F)

= obvious entailments® =rules R

= X g F: iff after finitely often
applying R-rules on X and

1. Input: X, F

2. Output: Does X & F hold?
intermediate results F isderived 3. DS, = Encode(X, F)

4. Find derivation DS,, ..., DS,, where
DS; results from applying a R -rule
to a finite set of DS; with j < i.

> TPPIERR for an overview 5. Decode(DS,,) intoanswerto X & F

= Calculi differ in: types of rules in
R; used data structures DS;
proof methodology

Winter term 24/25 ucCC | Ozgur L. Ozcep 1
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Definition (Correctness and Completeness)

A calculus based on rules R is

= correct w.r.t. entailment iff: whenever X 5 F,then X £ F
(,You can prove only those entailments that hold®)

= complete w.r.t. entailment iff: whenever X &= F,then X +x F
(,,Any entailment that holds can be proved®)

All calculi (for FOL) mentioned in appendix are correct and complete

Winter term 24/25 ucCC | Ozgur L. Ozcep 12
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FOL: Resolution
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Resolution (motivation)

= We consider here resolution as an example for a calculus

* The resolution rule is a generalization of MP. To see this:

rewrite F,F > GEG as F,-F VG E G
allow “more context formulae”: (HVF,-F VG)ANK E
(H V G)ANK

= Resolution step = cutting out complementary pair {F, =F}

= To make this work, each entailment has to be encoded in a normal form.
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Clausal normal form

= General idea of normalization
Transform formulae into a (syntactically) simpler form
preserving as much of the semantics as possible

= In case of FOL resolution, the Clausal Normal Form (CLNF) is used

» Theorem: Every FOL formula F can be translated to a F’ in CLNF preserving
satisfiable equivalence (i.e., F' is satisfiable iff F is satisfiable)

Winter term 25/26 AlL | Ozgir L. Ozcep 15
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Test your intuition

» Q: Explain the idea of = A
normalization with the examples

= A normalized letter has a specific
of a letter written to a friend, say

form: It starts with a salutation,

. A then comes the content and in the

' end there is a greeting (followed
possibly by a postscriptum)

= A non-normalized can be put in
the normal form conserving most
of the original semantics (Maybe
something gets lost)

Winter term 25/26 AlL | Ozgir L. Ozcep 16
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Clausal Normal Form (CLNF)

= Literal = atomic formula or its negation, e.g. R(a), =S(a, b)

» " is in CLNF iff F' is of the form: universal quantifiers followed by a
quantifier-free formula which is a conjunction of disjunctions of literals

o CINF:VxVy [ (S(a,x)VR(D)) A H(@) A (HH)V-aR@))]
= . |In set notation: {{S(a,x),R(b)} ,{HWy)} , {Hly), "R(x)}}
a clause

Winter term 25/26 AlL | Ozgir L. Ozcep 17
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Resolution rule (informally)

= Given clauses Cly, Cl, (with disjoint variables), CL, CL,
the clause RCl is a resolvent of Cl4, Cl, iff
there are literals in Cl; and CL, that look \0/
complementary under a substitution o
RCl = clause resulting from cutting out those literals RCI

» The resolution step can be drawn graphically

= Aim: Repeat steps until empty clause {} (= contradiction) is reached

= More formal treatment (with notion of substitution a) > [AeJollgle[>4

Winter term 25/26 AlL | Ozgir L. Ozcep 18



\ N 4, /
\ ‘
iti [
[ 21 Universitit Hamburg CHAI "7, +°
DER FORSCHUNG | DER LEHRE | DER BILDUNG ies-

Fully worked out resolution
= Toshow: Vx (F(x) — (G(x) — H(x)), F(a),G(a) = H(a)

= Reduce entailment to unsatisfiability test
s {Vx(F(x) - (G(x) — H(x)), F(a),G(a),—H(a)} unsatisfiable?

= Represent the formula set in CLNF

{{t=F(x), =2 Gx), H)} ,{F(a)}, {G(a)},{-~H(a)}}

Winter term 24/25 ucCC | Ozgur L. Ozcep
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Fully worked out resolution example

{{t=F(x),=2G(x), Hx)} ,{F(a)},

O X a\/
Apply

Resolution: {=G(a),H(a)}

{H(a)}

U

Winter term 24/25 ucCC | Ozgur L. Ozcep

G(a)}, {~H(a)}}

So, the formula is
unsatisifiable and
hence the original
entailment holds

20



L2 Universitit Hamburg CHAI 77 +°

DER FORSCHUNG | DER LEHRE | DER BILDUNG Humanities-Centered Al

Properties of FOL




l l I I \ N 4, /
. \ ‘
iti [
[ 21 Universitit Hamburg CHAI "7, +°
DER FORSCHUNG | DER LEHRE | DER BILDUNG iti

Towards algorithmization: calculi

= We motivated algorithmization of semantic concepts via calculi

» We have sketched a calculus for FOL, which is in fact correct and complete
= Did we reach with the resolution calculus algorithmization?

= The answer is a clear “Jein” (“Yes & No”)

First, we consider the “No” part: undecidability of validity
Then we consider the “Yes” part: semi-decidability of validity

Winter term 25/26 AlL | Ozgir L. Ozcep 22
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Turing Machine (TM)

Winter term 25/26

= One of the first precise computation models

= Precisification of solving a problem
algorithmically:

Starting from a finite input (encoding)
give after a (finite number) of discrete steps
an encoding of the desired output

AIL | Ozgiir L. Ozcep
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Turing Machine

a

= TM:[Transition system|with finite memory
working on an(infinite input tape|reading out

letters of the word with[moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

Move [] r(right) or [(eft) or stop
1|0 |H | #H|#

Winter term 25/26 AlL | Ozgir L. Ozcep 24
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

Winter term 25/26

Move [] r(right) or [(eft) or stop
1|0 |H | #H|#

AlL | Ozgir L. Ozcep 25
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

Winter term 25/26

Move [] r(right) or [(eft) or stop
1|0 |H | #H|#

AlL | Ozgir L. Ozcep 26
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

Winter term 25/26

\ Move [] r(right) or [(eft) or stop

H| #|H# |0 O||T|O|#|#|#

AlL | Ozgir L. Ozcep 27
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

Winter term 25/26

\ Move [] r(right) or [(eft) or stop

H| #|H# |0 O||T|O|#|#|#

AlL | Ozgir L. Ozcep 28
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

Winter term 25/26

\ Move [] r(right) or [(eft) or stop

###oo|10###

l
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

Winter term 25/26

\ Move [] r(right) or [(eft) or stop

###oo|10###

l
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

\ Move [] r(right) or [(eft) or stop

H | #|H# |00 | 1|0 ||#|#|#

Winter term 25/26 AlL | Ozgir L. Ozcep 31
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

\ Move [] r(right) or [(eft) or stop

H | #|H# |00 | 1|0 ||#|#|#

Winter term 25/26 AlL | Ozgir L. Ozcep 32
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

\ Move [] r(right) or [(eft) or stop

H| #|H# |00 |1 |0|#||H#|#

Winter term 25/26 AlL | Ozgir L. Ozcep 33
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Turing Machine

= TM: Transition system with finite memory
working on an infinite input tape reading out
letters of the word with moving head on it

- TM: Testing whether the binary input
word contains an odd number of 1s

Winter term 25/26

TM stops in accepting state: yes,
here is an odd number of 1s!
Move [] r(right) or [(eft) or stop

H| #|H# |00 |1 |0|#||H#|#

AlL | Ozgir L. Ozcep 34
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The “No” part: testing validity in FOL is undecidable

* The example shows: the problem of testing odd
number of 1s is decidable

= However, there are undecidable problems

Validity (unsatisfiability, entailment) of FOL
formulae is undecidable

<\

Move [] r(right) or [(eft) or stop
H|#|#||OJO|T|O|#H |#H|H#H| ..

Winter term 25/26 AIL | Ozgiir L. Ozcep 35
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Consequence w.r.t. Resolution Calculus (RC)

If a formula is not valid, a TM running RC will
stop with ,,Non-valid“ or not stop top at all.
(Doesn’t contradict correctness/completeness)

<\

Winter term 25/26

Validity (unsatisfiability, entailment) of FOL
formulae is undecidable

Move [] r(right) or [(eft) or stop
H|#|#||OJO|T|O|#H |#H|H#H| ..

AIL | Ozgiir L. Ozcep 36
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Church Turing Thesis
= But maybe the TM model is not strong enough?

» There are other alternative computation
models: recursive functions, lambda calculus,
register machines, cellular automata, ...

= However, these computation models have been
shown to be equivalent to TM computability

Church Turing Thesis

What is intuitively computable is computable by a Turing machine

Winter term 25/26 AIL | Ozgiir L. Ozcep 37
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The “Yes” part: semi-decidabiliti

FOL validity (entailment ...) is semi-decidable, i.e., there isa TM s.t.

» iff Fisvalid, then TM stops with ,Yes”

= otherwise it stops with ,,No“ or it does not stop

= Proof

Take RC (or any correct and complete calculus) for checking FOL validity
We search iteratively over the tree of all possible proofs of length up ton
At each level n (=length of proof) there can be only finitely many of them
Can be systematically search (in breadth-first manner)

Winter term 25/26 AIL | Ozgiir L. Ozcep 38
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Compactness

As a corollary to the completeness and correctness of RC for FOL, a
fundamental property of FOL results

FOL is compact, i.e., for all (possible infinite sets) of formulae X:
If every finite subset of X has a model, then X has a model.

(Alternatively: if X &= F holds for a set of formulae X and a formula
F s.t., then there is a finite subset X' € X s.t. X' = F)

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Consequences: FOL cannot express finiteness

Corollary: FOL cannot axiomatize finite structures.

* Proof
E, :=“There are at least n elements in the domain”
(Fxq .. 3x ] FAXAXL F XA AXy F X3 0l \ Xpyoq F Xp)
Assume for sake of contradiction that finiteness were FOL axiomatizable
with Fg;,, , i.e., for each structure A: A & Fy;y, iff A has a finite domain.

Consider X :={F, | n € N } U {Ff;,}: Every finite subset of X is
satisfiable, however the whole X is not — contradicting compactness

Winter term 25/26 AlL | Ozgir L. Ozcep 40
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Consequences of compactness: locality

= This limiting result on FOL will show the limits for modelling SCT in FOL,
to which we turn next

» The limited expressiveness of FOL illustrates the locality of FOL, a topic
dealt with systematically in finite model theory (Libkin 04)

= Other signs of locality: FOL cannot express recursiveness, in particular not
reachability, connectivity of graphs, property of trees, ...

Winter term 25/26 AIL | Ozgiir L. Ozcep a4
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Using FOL for modelling SCT scenarios

= We demonstrate here one approach for combining Logic and Social Choice
(Game Theory, Mechanism Design): fix a logic and try to do much as
possiblein it

= Alternatively: logic engineering: design a tailor-made logic for a specific
SCT scenario =2

= For a general discussion see the paper of Endriss (11) and for the FOL
formalization see the paper of Grandi/Endriss (13)

Winter term 25/26 AlL | Ozgir L. Ozcep 43
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Test yourself

* Q: What would could be reasons = A
to choose one approach for the = Using a given logic:
use of loﬁ'?c over the other constraint to use a specific logic
approach: as one has to use a specific solver;

The logic has known properties

= Using tailor-made: If no constraint
w.r.t a solver exists, then design an
own logic — but you have to
understand it

Winter term 25/26 AIL | Ozgiir L. Ozcep 44
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Arrow’s theorem (reminder)

= Originally, the theorem = Arrow’s theorem: There is no SWF form > 3
talks about social alternatives that is

welfare functions = Paretian: If everyone ranks x above y, then

(SWF) F (and we will do so does the global ranking

in the following, too) = |IA: Relative global ranking of a pair

» ASWF F maps a depends only on its relative rankings in the
preference profile to a profile
global preference * Nondictatorial: the global ranking is not
F: LA™ - L(A) determined by a single voter’s preference

Winter term 25/26 AlL | Ozgir L. Ozcep 45
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Methodological statement on negative results on FOL4SCT

= ...the result will be rather negative = FOL seems promising — it allows to
talk about preference structures

= the following formalization is
> however:
meant to show that choosing the m_
right representation is non-trivial (1) Arrow’s theorem requires to

talk about all profiles in the II1A
axiom: we would have to
quantify over sets

* To know about what the
representation formalism (logic)
can express is super-important

(2) FOL cannot express finiteness

Winter term 25/26 AlL | Ozgir L. Ozcep 46
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Preparing the representation: the language

= To cope with problem (1), the key idea is to talk about situations instead of
profiles (exemplifies the strategy of reification)

= Relation symbols
N(x): x is an individual
A(x): x is an alternative
S(u):u is a situation (referring to a profile)
P(z,x,y,u): individual z ranks x above y in situation u
W(x,y,u): society (the whole collective) ranks x above y in situation u

Winter term 25/26 AlL | Ozgir L. Ozcep 47
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Syntax - Pragmatics

Reification as a general methodological principle

= Reification: introduce objects in your universe for (possibly complex)
logical entities (that your logic cannot talk about by quantifying over
them)

* In case of the “situations” introduced on previous slide:
The preferences are complex objects which amount to FOL structures

but we have to actually quantify over them within a structure

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Reification as a general methodological principle

= Other ;
Statement “The thermometer showed 20 C° at 18:00”
Reified as a measurement object M with properties:
HasSensor(M, thermometer); HasValue(M, 20 C°); HasTime(M, 18:00)

Exemplifies reification used in database design to reduce n-ary to binary
relations

= Reification is not always a good advice: you lose logical control
For example, Galton suggests unreifying (temporal theories) (Galton 91)

Winter term 25/26 AIL | Ozgiir L. Ozcep
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Modelling implicit assumptions axiomatically

= Individual and global preferences need to be linear orders”.

E.g., we have to state that P (in its second and third argument) is
transitive

VzVx1Vx,Vx3Vu [N(Z) NA(x) NA(xy) NA(x3) AS(u)
— (P(Z, Xq1,%X5,U) N P(Z,%9,%3,u) = P(z, xl,xg,u)) ]
asymmetric ...
linear ...
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Modelling implicit assumptions axiomatically

» The domain of structures is amorph; we have explicitly to state different
sorts of objects

in this case we have to state that N, 4, S must partition the domain.
Vx.[N(x) VA(x) VS(x)] A Vx.[N(x) » 2A(x) AN(x) - =S(x) A-]

—
Jointly exhaustive pairwise disjoint

* There are other implicit assumptions (see the paper)

= But one is critical: F is defined for any preference profile (universal domain)
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Universal domain assumption

= |dea: if there exists a situation u in which individual z ranks x above v,
then there must exist a situation v where z ranks y above x and
everything else remains the same.

= Once we ensure the existence of at least one situation, this generates a
universal domain: The reason is, that by swapping pairs (iteratively) we
can get any permutation of the original preference

* The natural language wording already suggests that a corresponding FOL
exists —which looks awkward (so it is banned to the )
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Modelling Arrow’s Axioms T ;- ax

» Nondictatorship: =3zN(z) A
vuvxVy[S(u) NA(x) NA(y) AP(z,x,y,u) - W(x,y,u)]

» Pareto ... see [AoJollgle|ps
" |IA..  see [NoJollalelp%s

Winter term 25/26 AIL | Ozgiir L. Ozcep

53



\ Nl 4
\ ‘
N “[¥]

L2 Universitit Hamburg CHAI 77 +°

DER FORSCHUNG | DER LEHRE | DER BILDUNG Humanities-Centered Al

Modelling Arrow’s Theorem
* Towr: all (implicit) assumptions on SWFs

" Tarrow : Tarrax Y Tswr

= Arrow’s Theorem then reads:
“Trrow does not have a finite mode

I”

= However, this is something we cannot express in an FOL sentence —as we
have already seen!

= This would work only if we fixed the number of individuals
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Conclusion &

= Correct and complete Calculi pave
the way for algorithmization

= However, this does not necessarily
mean guaranteeing termination

* FOL has its limits — which shows
up in particular with the limit in
representing Arrow’s theorem

Outlook

= A different (logical) perspective is
more promising: modal logic

= Actually, modal logic can be
considered as a fragment of FOL

= |t is even less expressive

= But it provides another

perspective leading to a solution
that is not that natural under
FOL
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Thanks for your attention!

https://www.philosophie.uni-hamburg.de/chai/personen/oezcep.html
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Appendix




Example from the beginning was a natural deduction proof
L2 Universitdit Hamburg

DER FORSCHUNG | DER LEHRE | DER BILDUNG(N\ P P iS a % el i m i n ati O n ru |e) Srnéalnities—lCeLt;red Al
Hilbert Axiom schemata Formulae Direct (from Derivations non-trivial;
1 rule premises Non-optimal algorithms;
to conclusion)
Natural |(ntroduction) and Formulae direct Derivations more
Deduction E(limination) rules for “intuitive”; algorithms not
logical symbols simple
Gentzen Style  Axioms and | + E-rules Entailments direct More versatile; proof
per logical symbol theorists’ favorite
Tableaux “and”, “or” rules Formulaein atree  Refutation proof For friends of reductio;
based on DNF Optimizable algorithms
Resolution Resolution rule Quantifier-free Refutation proof For friends of reductio;
formulae in CNF based on CNF Optimizable algorithms
in atree

Winter term 24/25 ucCC | Ozgur L. Ozcep 59



l l I I \ N 4, /
. \ ‘
iti [
[ 21 Universitit Hamburg CHAI "7, +°
DER FORSCHUNG | DER LEHRE | DER BILDUNG iti

Towards (lazy) resolution via substitutions

= Substitution a: Functions assigning variables terms, g:x— by z

= Application result Fo of a substitution o to a (set of) formula F:
substitute variables (uniformly) with terms

g:x - b,y z {R(x,y), =R(b,x)}o ={R(b,z),-R(b,b)}

» g unifies two literals L, L, iff Lyo = L,0.
gy:x = a,y — a unifies R(x), R(y); so does the more general g,:x — y

= Theorem (Robinson): There is always a most general unifier (mgus) for
unifiable literals
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Resolution rule (informally)

= Complement L of a literal L CL, CL,
R(a) = R(a) and =R(a) = R(a)
mgu o
= Given clauses Cl4, Cl, (with disjoint variables), \/
the clause RCl is a resolvent of Cly, Cl, iff RCI

there are literals L € Cl;and L' € CL, s.t.
{L, L} is unifiable with mgu o and

RCl = (Cl,\ {L}UCL\ {L'Do

= Aim: apply rule iteratively until empty clause {} (= contradiction) is reached
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Universal Domain Assumption Formalization

,If there is ranking u preferring x over y, there is one v preferring y to x“
VzVxVyVYulP(z,x,y,u) = v |[Sw) AP(z,y,x,v) A

»1he rest stays the same”
Vx'| P(z,x,x",u) NP(z,x',y,u) » P(z,x",x,v) ANP(z,y,x',v)] A
Vx'[(P(z,x',x,u) = P(z,x',y,v)) A (P(z,y,x,u) = P(z,x,x,v))] A
VX'VY'[x' £xANx #y ANy £ YyAYy £ x -
(P(z,x",y,u) & P(z,x,y',v)) | A
vz'vx'vy'lz' = z - (P(Z,x,y,u) & P(Z,x,y,v))] 1]
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Modelling Arrow’s Axioms T ;- ax

» Nondictatorship: =3zN(z) A
vuvxVy[S(u) NA(x) NA(y) AP(z,x,y,u) - W(x,y,u)]

= Pareto:
V uvaVy (Sw) AAG) AAY) - [Vz(N(z) > P(z x,y,1)) » W(x,y,w)])
= |[A:
YuVu,VxvVyS(uy) AS(uy) NA(x) ANA(y) —
Vz (N(Z) — (P(Z, xX,y,u1) © P(z,x,y, uz))) —
(W(x'y'ul) < W(x'y'uZ))
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