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Todays lecture based on ... 
§ Ö.Ö: Logic, Lecture 09 of the course „Uncertainty, Causality, and 

Conditionals“, winter term 2024/25, University of Hamburg 
https://www.edit.fis.uni-hamburg.de/admin/files/59692459/Archiv.zip

§ U. Endriss: Lectures 5, 6 of the course “Computational Social Choice” 
https://staff.science.uva.nl/u.endriss/teaching/comsoc/2024/
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Event notice
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§ Type: Talk on logic within Yaf lecture series
§ Title: Vielfalt in der Logik
§ Presenter: Prof. Elke Brendel
§ Time: Friday 12 December 2025, 14:15 h
§ Place: 

Universität Hamburg
West wing of main building (ESA West), Room 221,  2. floor
Edmund-Siemers-Allee 1
20146 Hamburg

§ Website: 
https://www.awhamburg.de/veranstaltungen/aktuelle-
termine/detail/vielfalt-in-der-logik.html
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Purpose of today’s lecture    &     Agenda
§ Learn about another instance of logic 

engineering

§ Get acquainted with propositional and 
modal logic

§ Propositional Logic

§ Proving Gibbard-
Satterthwaite in PL

§ Modal logic
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Propositional Logic
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Notation convention for today’s lecture
§ !𝐹: 𝐹 with a bar: stands for voting 

rules

§ 𝐹: stands for logical formulae

6



CHAI
Humanities-Centered AI

Logic engineering
§ First order logic is too expressive in some sense: it favors expressiveness 

over feasibility (or even: decidability) 

§ When we forget about quantifiers and restrict attention to 0-ary 
predicates, we are left with propositional logic (PL)

§ In this lecture, we will define PL again – though the above remark together 
with our treatment of FOL would be sufficient 

7
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PL favors feasibility over expressiveness
§ Testing satisfiability is decidable

§ It is still a hard problem in the worst case (NP-complete) 

§ However, 
§ there are nice fragments (such as the Horn-fragment) for which 

satisfiability is feasible (in P)
§ there are good heuristics (“mastering” somehow the phase transition 

from feasible to non-feasible inputs) 

8
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Logic engineering
§ Though PL favors feasibility over expressiveness, in many situations its 

expressivity is sufficient 

§ An illustrative example
§ Assume, you know that the domain consists of elements 𝑎, 𝑏, 𝑐
§ ∀𝑥	𝑅(𝑥) is reducible to 
§ R 𝑎 ∧ 𝑅 𝑏 ∧ 𝑅(𝑐), which is a quantifier-free formula,  and formula 
§ 𝑝!(#) ∧ 𝑝! % ∧ 𝑝!(&), which is a PL formula 

9
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Proving Gibbard-Satterthwaite (GS) in PL (outlook)
§ Thm (Gibbard-Satterthwaite): For 𝑚 ≥ 3 alternatives, no resolute voting 

rule is strategyproof, surjective, and nondictatorial.

§ Use a combination of 1.) PL representation and 2.) induction to show the 
GS theorem 

§ Ad 1.: The kind of reduction mentioned in the example before is used for 
the PL representation of the base case of the GS theorem: 𝑛 = 2 voters, 
𝑚 = 3 alternatives

10
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Proving Gibbard-Satterthwaite (GS) in PL (outlook)
§ Thm (Gibbard-Satterthwaite): For 𝑚 ≥ 3 alternatives, no resolute voting 

rule is strategyproof, surjective, and nondictatorial.

§ Use a combination of 1.) PL representation and 2.) induction to show the 
GS theorem 

§ Ad 2.): General case (𝑛 ≥ 2	,𝑚 ≥ 3) proved via induction (externally to PL) 

§ Note that we cannot circumvent some reference to higher-order principles 
even when modelling with FOL (See the discussion on Arrow’s thm à L06)
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Propositional Logics: Syntax
§ Non-logical symbols: Propositional symbols
𝑃𝑆 = {𝑝, 𝑞, 𝑟, 𝑝', 𝑝(, … } 

§ Logical symbols: Boolean connectors 
§ Zero-ary
§ ⊥ (“contradiction”)
§ ⊤ (“Tautology”)

§ Unary: ¬ („negation“)

§ Binary
§ ∨ („disjunction“)
§ ∧	(„conjunction“)
§→	(implication)
§↔ (biimplication)

12
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Propositional Logics: Syntax
§ Well-formed formulae
§ If 𝐹 ∈ 𝑃𝑆, 𝑡ℎ𝑒𝑛	𝐹 ∈ 𝐹𝑜𝑟𝑚)*
§ If 𝐹, 𝐺 ∈ 𝐹𝑜𝑟𝑚)* then so are 
§ (¬	𝐹)	 (“not 𝐹’’), 
§ (𝐹 ∨ 𝐺) (“𝐹 or 𝐺”)
§ (𝐹 ∧ 𝐺) („𝐹 and 𝐺“)
§ (F → 𝐺) (“If 𝐹 then 𝐺”)
§ (𝐹 ↔ 𝐺) (“𝐹 iff 𝐺”)

§ Well-formed formulae (cont’d)
§ ⊥ (“𝑝 and not 𝑝”)
§ ⊤ (“𝑝 or not 𝑝”)

§ Actually, some of the connectors 
are syntactic sugar

§ We could have worked e.g., with
∧,∨,¬ 	or ∧,¬  alone

13
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Generalized “And” and “Or” 
§ Repeated applications of ∧ and ∨	

are denoted by uppercase variants 

§ Let X = {1,… , 𝑛}

§ ⋀+∈-𝑝+ = 𝑝' ∧ (𝑝(∧ (𝑝. ∧ (…𝑝/)… )

§ ⋁+∈-𝑝+ = 𝑝' ∨ (𝑝(∨	(𝑝. ∨ (…	𝑝/)… )

14
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Propositional Logics: Semantics (Interpretation)
§ An interpretation, also called assignment, now becomes a function from 

propositional symbols  to truth values 1 (for true) and 0 (for false)  
       𝑰: 𝑃𝑆	 → 1, 0

§ Each interpretation 𝑰 can be extended uniquely to an interpretation for all 
formulae in 𝐹𝑜𝑟𝑚)* (also denoted by 𝑰)

15
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Propositional Logics: Semantics (Satisfaction)
Interpretation on 𝐹𝑜𝑟𝑚)*
§ 𝑰 ¬	𝐹 = 1 − 	𝑰 𝐹
§ 𝑰 𝐹 ∧ 𝐺 = 𝑰 𝐹 ⋅ 𝑰 𝐺

§ … (full list à Appendix) 

§ 𝑰 makes true/satisfies/is a model of 𝐹, 
for short 𝑰 ⊨ 𝐹,	 iff 𝑰 𝐹 = 1

§ Semantics captures intended readings, 
e.g.,  𝑰 𝐹 ∧ 𝐺 = 1 iff 𝑰 satisfies 𝐹 and 𝑰
satisfies 𝐺

16
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Propositional Logics: Semantics (Satisfaction)
§ Alternative representation 

via truth tables. 

§ Example: disjunction 

§ Other connectors à Appendix 

§ Truth tables for formulae 

§ Example: Truth value of 
¬𝐺	 ∧ F ∨ 𝐺 	 for all interpretations 

17

𝐹 𝑮 𝑭 ∨ 	𝑮

1 1 1

1 0 1

0 1 1

0 0 0

𝐹 𝑮 ¬𝑮 ∧ ( 𝑭 ∨ 	𝑮)

1 1 0 0 1

1 0 1 1 1

0 1 0 0 1

0 0 1 0 0
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Test yourself 
§ Check via truth tables that indeed 
𝐹 ∨ 𝐺 has the intended reading 
when defined via ¬(¬𝐹 ∧ ¬𝐺) 

18

𝐹 𝑮 ¬ (¬𝑭 ∧ ¬𝑮)

1 1 1 0 0 0

1 0 1 0 0 1

0 1 1 1 0 0

0 0 0 1 1 1
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Propositional Logics: Semantics (Derived Notions)
§ For PL exactly the same derived 

semantic notions as in FOL can 
be defined: entailment, 
satisfiability, ... 

§ SAT-solvers tackle the 
algorithmic problem associated 
with satisfiabiltiy testing:

§ In: Formula 𝐹; out: Is there an 
interpretation with 𝐼 ⊨ 𝐹?

19

§ SAT solvers may be based on the 
resolution calculus or any other 
principle 

§ Clausal normal form (CLNF) here is 
the conjunctive normal form 
(CNF): Conjunction of disjunctions 
of literals, e.g. 
(𝑝 ∨ ¬	𝑟) ∧ (¬𝑝 ∨ ¬𝑟 ∨ 𝑠) ∧ 𝑠

§ SAT solving is a topic on its own 
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Proving Gibbard-Satterthwaite in PL
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G-S theorem: base case
§ 𝑛 = 2 (voters) and 𝑚 = 3 alternatives 

§ Brute-force search (checking for all possible voting rules) is a bad idea:   
there are 𝑚(0!!) = 3.2 = 150094635296999121	resolute voting rules

§ Therefore, instead, we use a logic encoding in PL 

§ The encoding works for the larger class of irresolute voting rules.  
Axiomatically we will then constrain it to resolute rules.

21
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G-S theorem: base case
§ Start with your basic signature: propositional symbols

§ 𝑝[≺],7: propositional symbol for each profile [≺] and alternative 𝑥
§ Intended reading: 𝑝[≺,7]	is true iff: when a voting rule is applied to profile 
[≺] then the set of winners should include 𝑥

§ Observation: Nearly every assignment 𝑰 of truth values for all variables 
𝑝[≺],7 corresponds to an irresolute voting rule !𝐹𝑰: 𝐿 𝐴 / → 	𝑃𝑜𝑤 𝐴 ∖ {∅}. 

§ Q: Why does the observation say “nearly every”?

22
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Modelling voting rules and axioms
§ A: An irresolute rule is not allowed to output the empty set, so assignment 
𝐼9 that maps every 𝑝[≺],7 to 0 does not correspond to an irresolute rule

§ To fix it, introduce a formula saying: at least one of the 𝑝 ≺ ,7 must be true
𝐹:' =	⋀[≺] ⋁7 𝑝[≺],7

§ Now use similar formulae to encode constraints and axioms. 
§ Interpretations satisfying formulae  ≜ voting rules satisfying axioms
§ Unsatisfiability≜ impossibility theorem  

23
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Constraints on voting rules: resoluteness
§ We will assume that we can encode anything relevant here as integers: 

voters, alternatives, preferences and profiles

§ Encoding resoluteness
§ Idea: for any profile and distinct alternatives 𝑥, 𝑦 not both can be in the 

winner set for that profile
§ 𝐹;<= =	⋀[≺](⋀7(⋀>	with	7@>(¬𝑝 ≺ ,7 ∨ ¬	𝑝 ≺ ,>	)))

24
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Axioms in G-S
§ Nondictatorship: For each voter	𝑖 there is a profile such that the top 

candidate of 𝑖 is not in the winner set of the global outcome. 

	𝐹/A =i
+

(j
[≺]

( j
7	with	7BCDE ≺ (+)

¬𝑝 ≺ ,7))

§ Strategyproofness (SP): see Appendix

§ Surjectivity:   see next test-yourself slide 

25
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Test yourself 
§ Q: How would you model 

surjectivity?

§ Hint: Each alternative 𝑥 is within 
the winner set at least one profile 

§ A: ... 𝐹=F; =	⋀7 ⋁[≺]𝑝[≺],7

26
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The unsatisfiability test
§ 𝐹G= ≔ 𝐹:' ∧ 𝐹;<= ∧ 𝐹=E ∧ 𝐹=F; ∧ 𝐹/A

§ Indeed, a SAT-solver will end up stating that this sentence (in CNF, with 
1445 clauses and 108 variables) is not satisfiable. 

§ This proves G-S for the base case. 

27
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The general case of the G-S theorem via induction
§ Tang (10) used reduction lemmas based on induction à Appendix: 
§ unsatisfiability for 𝑛 ≥ 2,m = 3 entails unsatisfiability for 𝑛 + 1,m = 3
§ unsatisfiability for 𝑛 ≥ 2,m = 3 entails unsatisfiability for 𝑛,m > 3

§ Critique: proving such lemmas can be as difficult as proving the original  
theorem (and indeed: the proof of Tang (10) is not trivial)

§ However: sometimes a general reduction lemma pays off: if axioms meet 
certain conditions, impossibility generalises from small to large scenarios

28
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Modal Logics
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Modal Logic: General Motivation
§ Modal Logics (MLs) provide versatile, feasible and robust means to talk 

about relational structures (such as graphs) 

§ We follow this semantic definition and perspective (Blackburn et al 99) in 
the following presentation – though historically ML research is calculus-
focussed

§ MLs have been used in CS, philosophy and, really, industry 
(Most “Industrial logics” mentioned by Vardi (09) are modal logics)

30
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Modal Logic: Motivation of Syntax 
§ Modal Logics extend propositional logic with modal operators to capture 

expressions such as “it is necessary that p” or “it is possible that p”. 

§ They are not truth-functional 
§ Example
§ p: 1 is identical to 1            (true in actual world)
§ Necessarily p (true in actual world)
§ p’: Scholz was chancellor of Germany in 2024 (true in actual world);
§ Necessarily p’ (false in actual world)

31
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Modal Logic: Syntax

32

Definition (Basic Modal Language ML)

§ Non-logical symbols: propositional symbols: 𝑃𝑆 = 𝑝, 𝑞, 𝑟, 𝑝!, 𝑝", …
§ Logical symbols:   ¬ , ∨, ⊥, and modality	◇ „it	is	possible	that“
§ Well-formed formulae         𝐹 ∷= 𝑝 ∣⊥∣ ¬𝐹 ∣ 𝐹 ∨ 𝐺 ∣ ◇	𝐹
§ Dual necessity operator as syntactic sugar:    ☐	𝐹 ≔ ¬◇¬𝐹

Example

§ ¬◇p → ☐¬𝑝 (“If p is not possible, then necessarily not p”)
§ ◇◇𝑝 → ◇𝑝	 (“If it is possible that possibly p then possibly p”)
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Modal Logic: Motivation of Semantics
§ p’: Scholz was chancellor of Germany in 2024 (true in actual world);

§ Necessarily p’ (false in actual world)

§ What does it mean that something is necessarily/possibly the case?

§ Here is suggestion going back to Kripke that has become a standard
§ Necessarily p: In all states of affairs (= possible worlds) that are similar to

the actual world (accessible from it) p is true. 
§ Possibly p: There is a state of affair (a possible world) that is similar to

the actual world in which p is true
33

There are other (interesting) semantics,  e.g., those based 
on topological structures (McKinsey/Tarski 44)
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Modal Logic: Motivation of Semantics
§ p’: Scholz was chancellor of Germany in 2024 (true in actual world);

§ Necessarily p’ (false in actual world)

§ So, to specify a semantics we need
1. A set of possible worlds 𝑊, one of which can be announced as actual 

world)
2. An accessibility relation 𝑅
3. A valuation function 𝑉 telling us at which worlds which propositional 

symbols are true
34
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Example

Modal Logic: Semantics (Kripke model)

35

§  𝑊 = 𝑤!, 𝑤", 𝑤#
§  𝑅 = 𝑤!, 𝑤" , 𝑤", 𝑤# , 𝑤#, 𝑤!
§  𝑉:𝑤! ↦ ∅,𝑤" ↦ 𝑝, 𝑞 ,𝑤# ↦ {𝑝}

𝑤# 𝑤"

𝑤!

𝑝, 𝑞 	

∅	

𝑝 	

Definition (Basic Modal Language ML)

§ Kripke Model ℳ= (𝑊,𝑅,𝑉)
1. 𝑊 = {𝑤,𝑢,…} is a non−empty set (of 

possible worlds)
2. 𝑅 ⊆𝑊×𝑊:  accessibility relation 
3. 	𝑉:𝑊 →𝑃𝑜𝑤(𝑃𝑆):  valuation function

§ Underlying structure (𝑊,𝑅)  is called a frame 
§ Pointed (Kripke) model: (ℳ,𝑤) for a 𝑤 ∈𝑊	

(𝑤 is considered as actual world)
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Modal Logic: Semantics (Satisfaction)

36

Definition

The satisfaction relation ⊨	is defined by: 
§ ℳ,𝑤 ⊨ 𝑝	 if  w∈ 𝑉(𝑝)
§  ℳ,𝑤 ⊨¬𝐹                 if not  ℳ,𝑤 ⊨ 𝐹 
§ ℳ,𝑤 ⊨ 𝐹 ∨𝐺          if   ℳ,𝑤 ⊨ 𝐹       

                                                   or ℳ,𝑤 ⊨𝐺
§ ℳ,𝑤 ⊨◇𝐹                 if  for some  𝑢  

                                                with  𝑅(𝑤,𝑢)	: ℳ,𝑢 ⊨ 𝐹

Example

§ 𝑀,𝑤! ⊨ ¬𝑝 ∧¬𝑞
§ 𝑀,𝑤" ⊨ 𝑝 ∧ 𝑞
§ 𝑀,𝑤! ⊨◇(𝑝 ∧ 𝑞)
§ 𝑀,𝑤! ⊨◇◇(𝑝 ∧ ¬	𝑞)

𝑤# 𝑤"

𝑤!

𝑝, 𝑞 	

∅	

𝑝 	
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Modal Logic: Semantics (Satisfaction)
§ Note the locality of the satisfaction relation: dependence on world „𝑤“

(this is the reason of the feasibility of algorithmic problems for ML)

§ Note that we did not presume any further constraints on the accessibility 
relation. Later we consider such constraints – leading to different MLs

§ The semantics of the dual operator ☐	(necessity) amounts to 
ℳ,𝑤 ⊨☐𝐹                                 if  for all 𝑢 ∈𝑊: If 𝑅(𝑤,𝑢)	then ℳ,𝑢 ⊨ 𝐹

37
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Modal Logic: Semantics (Derived Notions)

38

Definition

§ 𝐹 is called satisfiable if there is a pointed model with ℳ,𝑤 ⊨ F	
§ 𝐹 is called valid in ℳ if ℳ,𝑤 ⊨ F	for all 𝑤 ∈𝑊
§ 𝐹 is called valid if ℳ,𝑤 ⊨ F	for all pointed models ℳ,𝑤

Example

§ ☐𝑝 is satisfiable, but not valid
§ ☐𝑝 ∧☐ 𝑝 → 𝑞 → ☐𝑞 is valid 
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Modal Logic: calculus K

39

Definition

The basic calculus  K  is given by the following:
§ ⊢ 𝐹 for all  classical propositional tautologies ( = all propositional form 

ulae true under all interpretations)
§ Axiom K:                                                    ⊢ 	☐ 	𝐹 → 𝐺 → (☐𝐹 →☐𝐺)
§ Rule modus ponens (MP):            If ⊢ 𝐹	and ⊢ 𝐹 →𝐺 then ⊢ 𝐺
§ Rule of necessitation:                       If ⊢ F then ⊢ ☐𝐹

§ Note that we defined the calculus to capture validity (not consequence) 
§ In modal logic there are at least two notions of (semantic) consequence
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40

Example (Derivation in calculus K)

To show: ⊢ ☐ 𝐹 ∧ 𝐺 → ☐𝐺	           (by derivation in K)
1. ⊢ 𝐹 ∧ 𝐺 → 𝐺	 	 	 																 	 	 	 			(classical tautology)

2. ⊢ ☐ 𝐹 ∧ 𝐺 → 𝐺            (necessitation to 1.)

3. ⊢ ☐ 𝐹 ∧ 𝐺 → 𝐺 → (☐ 𝐹 ∧ 𝐺 → ☐𝐺)	               (Axiom K)
4. ⊢ ☐ 𝐹 ∧ 𝐺 → ☐𝐺                                (modus ponens on 2.,3.)
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41

Theorem (Correctness and Completeness of Calculus K)

A formula in basic ML is valid (in the class of all pointed kripke 
models) iff it is provable in calculus K 

In other words: K is correct and complete for the class of all pointed 
Kripke models 

So, due to correctness, the previous example shows that ☐ 𝐹 ∧ 𝐺 → ☐𝐺
is valid
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42

Properties Related axioms
K any accessibility relation
T Reflexive ☐F → F

D Serial ◇	⊤

4 Transitive ☐F → ☐☐F

5 Euclidean ◇	F → ☐◇F

B Symmetric F → ☐◇F

Some classical modal logics. Each combination of rows in the table is a completeness 
and correctness statement of calculi w.r.t. the intersection of given frame classes, e.g….
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43

Theorem

A formula is KD45-valid iff it is provable in calculus K extended with 
the axioms D, 4, 5.

Definition

A formula is KD45-valid iff it is true in all pointed Kripke models  ℳ,𝑤 
in which accessibility relations are serial, transitive, and Euclidean. 
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A picture of well known modal logics

44

https://plato.stanford.edu/entries/logic-modal/

Notation: 
§ M is used for T (reflexivity)
§ M4B, e.g., is the result of 

adding M, 4 and B to K 

https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
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Instance & Application: Epistemic Logics à L08 
§ For	each	agent	𝑎	a	☐	 −modality	
(written	as	𝐾#)
§ 𝐾#	𝐹:	Agent 𝑎	knows that 𝐹
§ =𝐾#	𝐹:	Agent 𝑎	thinks 𝐹 is possible 

§ Accessibility relations for each agent 
follows S5

§ Further operators to handle dynamics 
(muddy children)

45

The Hintikka’s World project
Epistemic logic
Model checking

Theorem proving
Language properties

Models
Syntax

Example of an epistemic state

In Hintikka’s World: Muddy children

W = {w , u, v , s};
Ra = {(w , w), (w , u), (u, w), (u, u), (v , v), (v , s), (s, v), (s, s)};
Rb = {(w , w), (w , v), (v , w), (v , v), (u, u), (u, s), (s, u), (s, s)};
V (w) = {ma, mb}; V (u) = {mb}; V (v) = {ma}; V (s) = ÿ.

28 / 60

𝑤
𝑢

𝑣
𝑠

𝑀,𝑤 ⊨ 𝐾()*	𝑚+,-)	 ∧ 𝐾()*¬𝐾+,-)𝑚+,-)	

“Red agent knows that blue agent has 
mud on forehead and that the blue agent 
does not know he has”

𝑚!"#

𝑚!"# ,
	𝑚$%&"𝑚$%&"

For other instances of ML à Appendix
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Conclusion & Outlook
§ Do not underestimate 

propositional logic (as a tool for 
modelling SCT tasks)

§ Modal logic carefully extends PL to 
give an even better balance on 
feasibility vs. expressiveness

§ Speak all the “dialects” of Modal 
Logic 

§ Starting with: Epistemic logic
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All 16	 = 	2𝟐𝒏  boolean functions on 𝑛 = 	2 arguments

51

𝒇𝟏 𝒇𝟐 𝒇𝟑 𝒇𝟒 𝒇𝟓 𝒇𝟔 𝒇𝟕 𝒇𝟖 𝒇𝟗 𝒇𝟏𝟎 𝒇𝟏𝟏 𝒇𝟏𝟐 𝒇𝟏𝟑 𝒇𝟏𝟒 𝒇𝟏𝟓 𝒇𝟏𝟔
1 1 0 0 0 0 1 0 0 1 0 1 1 0 1 1 1 1

1 0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 1 1

0 1 0 0 1 0 0 1 0 0 1 1 0 1 1 0 1 1

0 0 0 1 0 0 0 1 1 1 0 0 0 1 1 1 0 1

𝑥 𝑦 ⊥̇ ↓̇ ↚̇ ↛̇ ∧̇ ¬̇𝑥 ¬̇𝑦 ↔̇ ↮̇ 𝑦 𝑥 ∣̇ →̇ ←̇ ∨̇ ⊥̇
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Propositional Logics: Semantics (Satisfaction)
Interpretation on 𝐹𝑜𝑟𝑚)*
§ 𝑰 ⊥ = 0	
§ 𝑰 ⊤ = 1
§ 𝑰 ¬	𝐹 = 1 − 	𝑰 𝐹
§ 𝑰 𝐹 ∧ 𝐺 = 𝑰 𝐹 ⋅ 𝑰(𝐺)
§ 𝑰 𝐹 ∨ 𝐺 = 𝑰 ¬ ¬𝐹 ∧ ¬𝐺
§ 𝑰 𝐹 → 𝐺 = 𝑰(¬𝐹 ∨ 𝐺)
§ 𝑰 𝐹 ↔ 𝐺 = 𝑰 𝐹 → 𝐺 ∧ 𝐺	 → 𝐹

§ 𝑰 makes true/satisfies/is a model of 𝐹, 
for short 𝑰 ⊨ 𝐹,	 iff 𝑰 𝐹 = 1

§ Semantics captures intended readings, 
e.g.,  𝑰 𝐹 ∧ 𝐺 = 1 iff 𝑰 satisfies 𝐹 and 𝑰
satisfies 𝐺
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Other two Axioms in G-S: SP and Surjectivity
§ Strategyproofness (SP): for any voter 𝑖, any (truthful) profile [≺], any of its 
𝑖-variants [≺H] any alternative 𝑥, and any alternative 𝑦 dispreferred to 𝑥 by 
𝑖 in[≺], either 𝑦 loses in [≺] (truthful) or 𝑥 loses in [≺H] (manipulated).

𝐹=E =	U
+

(U
[≺]

( U
[≺7]	∈+IJ#;([≺])	

(U
7	

( U
>	with	7≻8>

(¬𝑝[≺],> ∨ ¬	𝑝[≺H],7	)))))

§ Surjectivity:   to be completed in lecture
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Induction: General proof principle 
§ Aim: show that 𝑃(𝑛) holds for all 

natural numbers 𝑛

§ Proof idea:
§ Base case: show 𝑃(0)
§ inductive hypothesis (IH): 

Assume that 𝑃(𝑛) holds
§ Induction step: 

𝑃(𝑛 + 1) holds when IH holds

54

§ Induction works on other 
structures which have structure 
same structure as natural 
numbers 

§ Examples: 
§ Pairs of natural numbers
§ PL formulae (base case: 

propositional symbols)
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Example for induction 
§ 𝑃 𝑛 :	 The sum over all natural numbers up to 𝑛

equals / /L'
(

formally

§ 𝑃 𝑛 :	 ∑+B	'/ 𝑖 = / /L'
(

§ 𝑃(0): holds trivially: ∑+B	'90 = 0 = 9 9L'
(

§ Induction step: ∑+B	'/L' 𝑖 =	∑+B	'/ 𝑖	 + 𝑛 + 1 =
/ /L'

( + ( /L'
( = /L' /L(

( = /L' /L' L'
(

Gauss is said to 
have proven 
this in school 
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Instance & Application: Linear Temporal Logic (LTL) à L10
§ Given a transition system S ... 

§ consider all paths of S starting from 
initial state and 

§ check  relevant properties on each path. 

§ Here: „Globally, i.e., at each state,
   orange traffic light is followed by red traffic light in neXt state“ 

56

Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Models

Syntax and semantics

Satisfiability problem

Model checking

Example

Transition system S:

Example (paths of S starting from an initial state of S)

· · ·

· · ·

· · ·

.

.

.

Z
______________̂

______________\

they all satisfy

G( æ X )
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Other instances and applications of modal logic 
§ Game Theory, Mech. Design, SCT, 

(van Benthem 14) à L11

§ Perception (Balbiani et al 12)

§ Dynamic epistemic logics 
(van Ditmarsch et al 07) à L08

§ Dynamic Logic (Hazen et al 00)

§ Provability Logic (Boolos 93)

§ Logics of space 
(van Benthem/Bezhanishvili 07)

§ Combined logics, e.g., temporal 
epistemic logics (Halpern et al. 95) 
à L10

§ Deontic logic (Logic of “must”,…) 
(Parrent/van der Torre 18) à SSF)

§ Conditional logics à Course SSF)
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