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Agents, Intellectics, and Logic (AIL) 
Lecture 08: Epistemology and Epistemic Logic

Three logicians walk into a bar
The bartender asks: "Do you all want a drink?" 
The first logician says: "I don't know." 
The second logician says: "I don't know." 
The third logician says: "Yes." 
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Logics for Modeling Multi-agent Systems 
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§ Models of 
§ mental attitudes: 

epistemic logic, 
doxastic logic

§ preferences (game 
theory, social choice)

§ Models of change 
§ of attitudes: dynamic 

epistemic logic, belief 
revision mental 

§ Actions: STIT
§ Causality 

§ Models of interaction 
§ Logics for Social choice 

and Game theory
§ Judgment aggregation
§ Group knowledge 
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Purpose of today’s lecture    &     Agenda
§ Learn about another 

instance of modal logic 

§ Learn about a formal 
treatment of knowledge 
in epistemic logic

§ Plato‘s Notion of 
Knowledge

§ Gettier‘s 
Counterexamples

§ Epistemic logic 

§ Epistemic Logic for AI: 
Research Questions
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Today‘s lecture is based on 
§ Ö.L.Ö.: Lecture 2 (Epistemic Logic) of the course “Social Mechanisms, Social 

Epistemology, and Formal Ethics” 
https://www.edit.fis.uni-hamburg.de/ws/files/64144863/Archiv.zip
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Plato’s Concept of Knowledge
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ a: variable ranging over human agents
§ p: variable ranging over propositions

(Wikimedia 07)
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Plato’s Concept of Knowledge
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ We consider „knowing that“ type of knowledge
§ Other type: „knowing how“ (skills)
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Plato’s Concept of Knowledge
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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Newell‘s „knowledge level“ for computer science 
also considers skills (Newell 1982)
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Plato’s Concept of Knowledge
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Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p

§ Plato was interested in the concept (idea) of 
knowledge 

§ Not just instances of knowledge 

§ Idea of knowledge vs
§ „Peter knows that 1=1.“

9
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Plato’s Concept of Knowledge
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Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p

§ Explicit definition: definiendum iff definiens
§ Meaning of definiens determines meaning of 

definiendum
10
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Plato’s Concept of Knowledge
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ Knowledge is knowledge about world à facts
§ Truth is non-trivial research topic on its own 

(Paradox of the liar: „This sentences is not true.”)
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Plato’s Concept of Knowledge
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ To know p also means to commit oneself to p 
and act according to it
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Plato’s Concept of Knowledge
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ Randomly believing that p is not sufficient
§ Example: John  believes that die will show 6. 

Even if 6 appeared, he did not know it.  
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Plato 2.0? 
§ Anthropomorphisation

§ Categorical false application of 
knowledge!?

§ In the same way (?) as in: 
„What is the weight of the number?“ 

§ But exactly due to these doubts, we 
should investigate the concept of 
knowledge – in the AI context
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Plato 2.0?
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ a: variable ranging over arbitrary 
(human or artificial) agents

§ p: variable ranging over propositions (possibly contents of prompts)



CHAI
Humanities-Centered AI

Plato 2.0?
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ It‘s not about asking the question whether 
artificial must know everything à omniscience

§ Omniscience falsifiable for any agent (construction as in liar paradox)
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Plato 2.0?
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ Main criticism w.r.t. 2. and 3.
§ Ad 3: ChatGPT can at least provide justifications
§ But these are quite often not consistent with its answers 
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Plato 2.0?
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ Ad 2.: Ascribing mental attitudes to artificial agents?
§ Big debate in philosophy of mind (à Uncertainty, Causality, Conditionals
§ Early work on ascribing mental attitudes by pioneer of AI (McCarthy 1979)
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Plato 2.0?
Definition

a knows that p if and only if:  
1. p is true and
2. a believes that p and
3. a is justified in believing that p
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§ At least there are reasonable doubts on applying 
Plato‘s concept to artificial agents

§ But maybe this is due to the whole setup of Plato‘s concept?
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Gettier‘s Counterexamples
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Napkin beats Papyrus
§ Plato's concept of knowledge lasted for about 

2500 years

§ And then comes Edmund Gettier (Gettier 1963)

§ Influential 2-page article with two simple 
examples that turned epistemology on its head 

§ The idea in both examples: 
Decoupling truth makers and justifications

Summer term 25 SSF | Özgür L. Özçep 21
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Scenario I: Smith and Jones apply for a job
§ Smith justifiably believes: 

(p) Jones gets the job   & 
Jones has 10 pennies in his pocket

§ Smith believes in the p-entailed assertion:
(r) The one getting the job has 10 pennies 

in his pocket. 

§ Now the world is such that: 
(s) Smith gets the job and Smith has 10 pennies 

in his pocket
Summer term 25 SSF | Özgür L. Özçep

Truth-maker 
(references Smith)

Justification  
(references Jones)

22

Smith has justifiable true belief that r.
But he does not know that r.

Second example 
à Appendix
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Reactions
§ Most (philosophical) approaches extend the conditions of Plato‘s concept

§ In particular: research on justificationsà Justification logic (Artemov 08)

§ Approach of Robert Nozick (Nozick 81) establishes notion of truth-tracking 

§ Similar approach based on reliability by Goldman (Goldman 1979)

Summer term 25 SSF | Özgür L. Özçep 23



CHAI
Humanities-Centered AI

Reaction: Epistemic Logic
§ Logic of knowledge as an instance of (multi-)modal logic

§ Does not provide an explicit definition of knowledge 

§ Rather: properties of a knowledge operator (implicit definition)

§ „Get rid of burden of problems with natural language“
§ Abstraction: 𝑎 knows, that 𝑝 à 𝐾! 𝑝
𝐾! is a modal operator (for each agent 𝑎)

§ Formal semantics of 𝐾!
Summer term 25 SSF | Özgür L. Özçep 24
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Epistemic Logic
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Muddy children puzzle
§ Three children (𝑎, 𝑏, 𝑐) are playing in the mud. Father calls the children to the house, arranging them in a 

semicircle so that each child can clearly see every other child.

§ “At least one of you has mud on your forehead”, says Father. The children look around, each examining 
every other child’s forehead. Of course, no child can examine his or her own. 

§ Father continues, “If you know whether your forehead is dirty, then step forward now”. No child steps 
forward. 

§ Father repeats himself a second time, “If you know whether your forehead is dirty, then step forward 
now”.  Some (𝑎, 𝑏) but not all of the children (here: not 𝑐) step forward. 

§ Father repeats himself a third time, “If you know whether your forehead is dirty, then step forward now”. 
All remaining children step forward. 

Summer term 25 SSF | Özgür L. Özçep 26

Similar to solving an algebraic equation these kinds of puzzles can be solved 
(automatically) with the right abstractions of knowledge related concepts and 
their dynamics, induced by acting and communication
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Muddy children puzzle: sketch of solution
§ Children:  Anne (𝑎), Bill (𝑏), Cath (𝑐) 

§ Actual world: 
𝑎, 𝑏 muddy (𝑚!, 𝑚"), 𝑐 is not (¬𝑚#)

§ 𝑎 argues: 
§ 𝑚",¬𝑚#

§ If ¬𝑚! were the case, then 𝑏 would see 
none with mud on forehead and hence 
infer that 𝑚" (due to the announcement 
of the father that someone has mud).

§ 𝑎 further argues
§ But 𝑏 did not step forward, so he 

does not know whether 𝑚"
§ Hence, 𝑎 steps forward next time

§ 𝑏 argues similarly 

§ A formal treatment possible in 
dynamic epistemic logic à L09
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Epistemic Logics: Syntax
§ 𝐴𝑃 = 𝑝,𝑞,𝑟,𝑝",𝑝#,… = atomic propositions

§ 𝐴𝐺𝑇 = {𝑎,𝑏,𝑐,…} =    agent names

§ Well-formed formulae informally = Boolean logic extended with 
knowledge operators 𝐾!, 2𝐾!
§ 𝐾! 𝑝: „Agent 𝑎 knows that 𝑝“ 
§ 2𝐾!𝑝: „Agent 𝑎 thinks 𝑝 is possible“

Summer term 25 SSF | Özgür L. Özçep 28
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Epistemic Logics: Syntax
The set of well-formed formulae (wff)of ℒ$% is recursively defined as follows 

§ If 𝑝 ∈ 𝐴𝑃, then 𝑝 is a wff

§ If 𝐹, 𝐺are wffs then so are 
§ ¬𝐹 (negation)
§ 𝐹 ∨𝐺 (disjunction);     𝐹 ∧𝐺 (conjunction);
𝐹 → 𝐺 (implication); 𝐹 ↔𝐺 (biimplication);	

§ 𝐾!𝐺 (knowing that)

Summer term 25 SSF | Özgür L. Özçep 29

More compact notation à Appendix
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Examples 
§ Agent 𝑎 knows that he does not know 𝑝

§ 𝑎 knows 𝑝 iff 𝑏 knows 𝑝

§ 𝑎 does not know about 𝑞

§ 𝐾!¬𝐾!𝑝

§ 𝐾!𝑝 ↔ 𝐾&𝑝

§ ¬𝐾!𝑞 ∧ ¬ 𝐾!¬𝑞

Summer term 25 SSF | Özgür L. Özçep 30
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Test your understanding
§ Q: Give formal representations of 

the following formulae (as in the 
example on the slides before) 
§ 𝑏 knows that 𝑎 does not know 

about 𝑞
§ 𝑎 knows that 𝑝 if and only if he 

does not think that ¬𝑝 is 
possible
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§ A: 
§ 𝐾&(¬𝐾!𝑞 ∧ ¬ 𝐾!¬𝑞)
§ 𝐾!𝑝 ↔ ¬2𝐾!¬𝑝

(in fact, this is a valid formula according semantics 
described in the following)
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Epistemic Logics: Semantics
§ Define truth conditions of 𝐾!𝑝
§ Cannot rely just on truth values
§ 𝑝, 𝑝' may both be true but 
§ 𝐾!𝑝 true and 𝐾!𝑝′ false 

§ As a modal logic, for epistemic 
logic we can use Kripke models: 
possible worlds and accessibility
relations

§ 𝑝: Grobi is a good friend of mine

§ 𝑝': Fermat‘s theorem

§ 𝐾()*+𝑝 is true; 𝐾()*+𝑝′ is false  

§ Possible worlds 
§ complete descriptions of states 

of affairs 
§ Compare elementary outcomes 

in probability (“die shows 5”)
Summer term 25 SSF | Özgür L. Özçep 32
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Epistemic Logics: Semantics
§ Define truth conditions of 𝐾!𝑝
§ Cannot rely just on truth values
§ 𝑝, 𝑝' may both be true but 
§ 𝐾!𝑝 true and 𝐾!𝑝′ false 

§ As  epistemic logic is an instance 
of modal logics, we can use Kripke 
models: possible worlds and 
accessibility relations

Summer term 25 SSF | Özgür L. Özçep

The Hintikka’s World project
Epistemic logic
Model checking

Theorem proving
Language properties

Models
Syntax

Example of an epistemic state

In Hintikka’s World: Muddy children

W = {w , u, v , s};
Ra = {(w , w), (w , u), (u, w), (u, u), (v , v), (v , s), (s, v), (s, s)};
Rb = {(w , w), (w , v), (v , w), (v , v), (u, u), (u, s), (s, u), (s, s)};
V (w) = {ma, mb}; V (u) = {mb}; V (v) = {ma}; V (s) = ÿ.

28 / 60

http://hintikkasworld.irisa.fr/core

𝑤

𝑚!

𝑚!,𝑚" 𝑚"

33
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Epistemic Logics: Epistemic models
𝑀= (𝑊, 𝑅! !∈-./ ,𝑉) :  epistemic model

§𝑊 = 𝑤, 𝑣, 𝑢, 𝑤"… : possible worlds 

§ 𝑅! ⊆ 𝑊 ×𝑊: accessibility relations for 
each 𝑎 ∈ 𝐴𝐺𝑇

§ 𝑉:𝑊 → 𝑃𝑜𝑤 𝐴𝑃 : valuation function

§ 𝑀,𝑤 : epistemic state (pointed model)
with actual world 𝑤
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The Hintikka’s World project
Epistemic logic
Model checking

Theorem proving
Language properties

Models
Syntax

Example of an epistemic state

In Hintikka’s World: Muddy children

W = {w , u, v , s};
Ra = {(w , w), (w , u), (u, w), (u, u), (v , v), (v , s), (s, v), (s, s)};
Rb = {(w , w), (w , v), (v , w), (v , v), (u, u), (u, s), (s, u), (s, s)};
V (w) = {ma, mb}; V (u) = {mb}; V (v) = {ma}; V (s) = ÿ.

28 / 60

http://hintikkasworld.irisa.fr/core

𝑤

𝑚!

𝑚!,𝑚" 𝑚"
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§ 𝑊 = 𝑣, 𝑢, 𝑥, 𝑤
§ 𝑅! = { 𝑤,𝑤 , 𝑥, 𝑥 , 𝑢, 𝑢 , 𝑣, 𝑣 ,

𝑤, 𝑥 , 𝑥, 𝑤 , 𝑢, 𝑣 , (𝑣, 𝑢)}
§ 𝑅" = 𝑤, 𝑣 , 𝑣, 𝑤 ,…
§ 𝑉 𝑤 = 𝑚!, 𝑚" , ∅ = 𝑉 𝑢 , 𝑉 𝑥 =

𝑚" , 𝑉 𝑣 = {𝑚!}

𝑣
𝑢

𝑥

Mathematics 
Reminder

Semantics is exactly that of modal logic;
but, now, with many accessibility relations
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Epistemic Logics: Satisfaction
§ 𝐾! 𝑝 is true in world 𝑤 iff:

in all worlds accessible for 𝑎 from 𝑤 it is 
true that 𝑝

§ 2𝐾!𝑝 is true in world 𝑤 iff: 
there is some world accessible for 𝑎 from 
𝑤 in which it is true that 𝑝
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The Hintikka’s World project
Epistemic logic
Model checking

Theorem proving
Language properties

Models
Syntax

Example of an epistemic state

In Hintikka’s World: Muddy children

W = {w , u, v , s};
Ra = {(w , w), (w , u), (u, w), (u, u), (v , v), (v , s), (s, v), (s, s)};
Rb = {(w , w), (w , v), (v , w), (v , v), (u, u), (u, s), (s, u), (s, s)};
V (w) = {ma, mb}; V (u) = {mb}; V (v) = {ma}; V (s) = ÿ.

28 / 60

𝐾!	𝑚"	 ∧ 𝐾!¬𝐾"𝑚"	is true in 𝑤

“The red agent knows that the blue agent 
is muddy and that the blue agent does not 
know it is muddy”

http://hintikkasworld.irisa.fr/core

𝑤

𝑚!

𝑚!,𝑚" 𝑚"
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𝑣
𝑢

𝑥
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Epistemic Logics: Satisfaction
§ Satisfaction relation ⊨ defined by
§ℳ,𝑤 ⊨ 𝑝 if  𝑝 ∈ 𝑉 𝑤
§ℳ,𝑤 ⊨¬𝐹 if not  ℳ,𝑤 ⊨ 𝐹
§ℳ,𝑤 ⊨ 𝐹 ∨𝐺 if ℳ,𝑤 ⊨ 𝐹or ℳ,𝑤 ⊨𝐺
§ℳ,𝑤 ⊨𝐾!𝐹 if  for all 𝑢s.t. 𝑅!(𝑤,𝑢):  

ℳ,𝑢 ⊨ 𝐹

§ Based on satisfaction, other semantic notions 
definable  as in modal logic Summer term 25 SSF | Özgür L. Özçep 36

The Hintikka’s World project
Epistemic logic
Model checking

Theorem proving
Language properties

Models
Syntax

Example of an epistemic state

In Hintikka’s World: Muddy children

W = {w , u, v , s};
Ra = {(w , w), (w , u), (u, w), (u, u), (v , v), (v , s), (s, v), (s, s)};
Rb = {(w , w), (w , v), (v , w), (v , v), (u, u), (u, s), (s, u), (s, s)};
V (w) = {ma, mb}; V (u) = {mb}; V (v) = {ma}; V (s) = ÿ.
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𝐾!	𝑚"	 ∧ 𝐾!¬𝐾"𝑚"	is true in 𝑤

“The red agent knows that the blue agent 
is muddy and that the blue agent does not 
know it is muddy”

http://hintikkasworld.irisa.fr/core

𝑤

𝑚!

𝑚!,𝑚" 𝑚"

𝑣
𝑢

𝑥
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Epistemic Logic: 𝑺𝟓
§ Depending on the properties of accessibility, 

different epistemic logics result

§ But usually, epistemic logic is identified 
with 𝑆0:  relations are symmetric, reflexive 
& transitive relations à
equivalence/indistinguishability relation

§ Indistinguishability relation partitions world 
in classes (information sets)
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The Hintikka’s World project
Epistemic logic
Model checking

Theorem proving
Language properties

Models
Syntax

Example of an epistemic state

In Hintikka’s World: Muddy children

W = {w , u, v , s};
Ra = {(w , w), (w , u), (u, w), (u, u), (v , v), (v , s), (s, v), (s, s)};
Rb = {(w , w), (w , v), (v , w), (v , v), (u, u), (u, s), (s, u), (s, s)};
V (w) = {ma, mb}; V (u) = {mb}; V (v) = {ma}; V (s) = ÿ.
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𝑤

𝑚!

𝑚!,𝑚" 𝑚"

37

𝑣
𝑢

𝑥

Partitioning of red agent:   { 𝑥,𝑤 , {𝑢, 𝑣}  }

Partitioning of blue agent: { 𝑤, 𝑣 , 𝑢, 𝑥 	}
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Calculus for 𝑺𝟓: 𝑺𝟓 −specific ones & basic rules 
§ ⊢1# 𝐾! 𝑝 → 𝑝

„If 𝑎 knows that 𝑝, then 𝑝 is true“

§ ⊢1# 𝐾!𝑝 → 𝐾!𝐾!𝑝
(„If 𝑎 knows that 𝑝, he knows that 
he knows that 𝑝 “) 

§ ⊢1# 𝑝 → 𝐾! 2𝐾!𝑝
„If 𝑝 is true, then 𝑎 knows that he 
thinks that 𝑝 is possible.“ 

§ All classical tautologies

§ Axioms K: 
⊢1# 𝐾! 	𝐹 → 𝐺 → (𝐾!𝐹 →𝐾!𝐺)

§ Modus ponens
From ⊢1# 𝐹 and ⊢1# 	F → 𝐺 infer ⊢1# 	𝐺

§ Rule of necessitation 
From⊢1# 𝐹 infer⊢1# 𝐾!𝐹

Summer term 25 SSF | Özgür L. Özçep 38
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Test your intuition and understanding
§ Q: Consider the axiom 

⊢1# 𝐾!𝑝 → 𝐾!𝐾!𝑝
Does this reflect a property of 
„knowing that“? 

§ Q: Consider the converse of the 
second rule: ⊢1# 	𝐾!𝐾!𝑝 → 𝐾!𝑝 
Does it hold in S5? 

§ Consider example of a 3-year-
child:
§ knows that its Teddy is a gift 

from her parents
§ But it does not have a notion of

concept, so does not even
believe that it knows

§ Yes, follows with ⊢1# 𝐾! 𝑝 → 𝑝, 
rule of necessitation and axiom K

Winter term 25/26 AIL | Özgür L. Özçep 39
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A picture of well known modal logics

40

https://plato.stanford.edu/entries/logic-modal/

Notation: 
§ M is used for T (reflexivity)
§ M4B, e.g., is the result of 

adding M, 4 and B to K 

S5: logic of knowledge 

D45: logic of belief 
doxastic logic à L12,L13

https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
https://plato.stanford.edu/entries/logic-modal/
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Epistemic Logic and ChatGPT
§ Should investigate 𝐾23!4.5/

§ Research questions
§ Which properties to expect from 𝐾23!4.5/? Which are the properties it 

should have?
§ What exactly is the agent we denote by „𝐶ℎ𝑎𝑡𝐺𝑃𝑇“ in 𝐾23!4.5/? 
§ This one server instance I am prompting? Is it equal to the one from 

yesterday? Or is it the algorithm behind? 
§ If one instance of ChatGPT gives a correct answer, but a copy not, can’t 

we ascribe knowledge? … … … 
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Epistemic Logic and ChatGPT
§ If questions answered, we can use model checking to ensure properties

§ Example (for model-checking Co-STORM)
§ If expert agent 𝑒 knows 𝑝, then (after some finite number of steps) the 

moderator agent also knows 𝑝

§ This may require also adding a temporal dimension as well as dynamics 
(in form of actions and announcement operators)
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Research on adequate abstractions
§ We cannot neglect the bounded resources of humans à bounded 

rationality 

§ The human agents in epistemic logic are assumed to be idealized agents 
§ For example: syntax-insensitivity of knowledge not realistic: 

If 𝐹 ↔ 𝐺 is valid, then so is 𝐾!𝐹 ↔ 𝐾!𝐺 (logical omniscience)

§ Need research on resource-bounded agents and what it means that these 
or their mental attitudes are approximated. (Staffel 18), (Thorstad 24) 
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Not covered here … 
§ Knowledge of a group = 𝐾.= ? 

§ Group knowledge/group belief big 
topic in SE à collective 
epistemology 

à Social Mechanisms, Social 
Epistemology, Formal ethics

§ “Architecture” of knowledge
§ Foundationalism  vs. 

coherentism
§ Belief revision (à L12/L13) rather 

based on coherentism
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Conclusion                              &          Outlook
§ Many open questions related in 

intersection of epistemology and AI

§ Epistemic Logic can serve as a relevant 
abstraction for (Social)  Epistemology 
2.0 

§ Low hanging fruits? 
§ Not really! 
§ But we (will) see much competition

§ Handling change in 
epistemic world and 
epistemic states à L09

§ L10: Handling time and 
knowledge à L10
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Thanks for your attention!

Summer term 25

https://www.philosophie.uni-hamburg.de/chai/personen/oezcep.html
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Scenario II: Car and Journey
§ Smith justifiably believes: 

(p) Jones owns a Ford

§ Smith justifiably believes in entailed assertion p
(r) Jones owns a Ford or Brown lives in Barcelona

§ Now the world is such that : 
(s) Jones does NOT own a Ford and Brown lives in 

Barcelona
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Smith has justifiable true belief that r.
But he does not know that r.
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Epistemic Logics: Syntax in compact form
§ The well-formed formulae (wff)of ℒ$% is given by the following BNF grammar:   

𝐹 ∷= 𝑝 ¬𝐹 𝐹 ∨𝐹 | 𝐹 ∧𝐹 ∣ 𝐹 → 𝐹 ∣ 𝐹 ↔𝐹 ∣ 𝐾!𝐹 (𝑝 ∈ 𝐴𝑃,𝑎 ∈ 𝐴𝐺𝑇)

§ Backus-Naur form (BNF) to specify a grammar for expressions

§ Examples 
§ F ∷= 𝑝 says: Any propositional variable counts as wff
§ F ∷= ¬ F says: If you have established that F is a formula, so is ¬ F
§ „|“ denotes alternative ways to establish a wff
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