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Today‘s lecture is based on 
§ Ö.Ö.:  Lecture 08,09  “Dyamic Epistem Logi I + II” in Course “Intelligent 

Agents “(CS 4514-KP12), University of Luebeck
https://www.edit.fis.uni-
hamburg.de/ws/files/53892714/Intelligent_Agents.zip

§ Which rests on 
The AAMAS 2019 Tutorial „EPISTEMIC REASONING IN MULTI-AGENT 
SYSTEMS“, Part 4: Dynamic Epistemic Logic
 http://people.irisa.fr/Francois.Schwarzentruber/2019AAMAStutorial/
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Logics for Modeling Multi-agent Systems 
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§ Models of 
§ mental attitudes: 

epistemic logic, 
doxastic logic

§ preferences (game 
theory, social choice)

§ Models of change 
§ of attitudes: dynamic 

epistemic logic, belief 
revision mental 

§ Actions: STIT
§ Causality 

§ Models of interaction 
§ Logics for Social choice 

and Game theory
§ Judgment aggregation
§ Group knowledge 
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Purpose of today’s lecture    &     Agenda
§ Learn about another 

instance of modal logic 

§ Learn about a formal 
treatment of knowledge 
change in dynamic 
epistemic logic

§ Modelling actions

§ Event models

§ Product Update: Muddy 
Children example

§ Product Update formally

§ Logic DEL
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Modeling Actions
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In verification/model checking community

Discussion about modeling actions
Formal definition of event models

Model checking
Theorem proving

Epistemic planning

In the verification/model checking community
In philosophy / AI
Syntactic specifications

In the verification/model checking community

Program
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Transition system

Action = an edge
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Discussion about modeling actions
Formal definition of event models

Model checking
Theorem proving

Epistemic planning

In the verification/model checking community
In philosophy / AI
Syntactic specifications

In the verification/model checking community

Program
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Transition system

Action = an edge
Epistemic = edges

5 / 80

Actions represented as edges →	

Actions represented as edges →	
Epistemic indistingushability by  
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In Philosophy and AI
§ Type of mechanism of 

actions is important 

§ There is a dedicated logic 
for the first type of 
announcements: PAL 
(Public announcement 
logic)

§ Formalism to use to handle 
all of them à DEL?
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Type of 
mechanism

Example

Public/private 
announcement

„She knows you hold 5 ⋄“

Public action Play card 5 ⋄
Private action Secretely remove card 5 ⋄
Belief revision Revise beliefs (entailing 

¬p) after being told p	
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Actions in AI: STRIPS (Fikes/Nilsson, 1971)
§ STRIPS: “Stanford Research Institute Problem Solver” Based on first-order 

logic (FOL) with finite vocabulary 

§ Originally: STRIPS =  representation formalism + planning algorithm

§ STRIPS also part of de-facto standard PDDL (planning domain definition 
language) as used in ICAPS competition 
(ICAPS = International Conference on Automated Planning and Scheduling

§ For more on planning à second column of the Intellectics course  
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Classical Planning à la STRIPS 
Example of an operator

take(k,l,c,d,p)
;; crane k  at location l takes c off of d in pile p 
Precond: belong(k,l), attached(p,l), empty(k), 
       top(c,p), on(c,d)
Effects/    holding(k,c), ¬empty(k), ¬in(c,p), 
Postcond:   ¬top(c,p), ¬on(c,d), top(d,p)
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Actions = instances
of operators, e.g. 

take(crane1, loc1,c3,c1,p1 )
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Problem solving by search 
§ Problem = single state space 
§ Program search algorithm

Problem solving by planning
§ Specify problem declaratively
§ Solve by general planning algorithm
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Dynamic Epistemic Logic (preview: actions)
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State Action
Classical 
planning 
(say à la 
STRIPS)

pre:  has5 ⋄
post: ¬has5 ⋄

ℎ𝑎𝑠5 ⋄

¬	ℎ𝑎𝑠5 ⋄

1) (Baltag et al., 1998)
2) (van Ditmarsch et al, 2007)

pre:  has5 ⋄
post: ¬has5 ⋄

pre: 𝑡𝑟𝑢𝑒
post:  - 

§ Setting: Card game 
§ Action: Privately 

announce to red agent
removement of  5 ⋄

§ blue agent does not know 

§ Remarks
§ Start state: white
§ Implicit self loops of 

indistinguishability

ℎ𝑎𝑠5 ⋄

Logic DEL1),2) 

= 
Kripkean 
models of 
classical 
planning 
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DEL (preview: update)
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State Action Next State

(epistemic model) (event model) (updated epistemic model)

¬	ℎ𝑎𝑠5 ⋄ℎ𝑎𝑠5 ⋄

¬	ℎ𝑎𝑠5 ⋄

pre:  has5 ⋄
post: ¬has5 ⋄

pre: 𝑡𝑟𝑢𝑒
post:  - 

ℎ𝑎𝑠5 ⋄

¬	ℎ𝑎𝑠5 ⋄
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Logics dealing with epistemics and actions
Winter term 25/26 AIL | Özgür L. Özçep 13

Logic Example sentence

Game description language
(Love et al. 2008), (Thielscher, 2017)

Agent a sees the game position

Flatland (Babiani et al, 2021), (Gasquet et al. 
2014), (Gasquet et al, 2016) 

Agent a sees agent b

Visibility atoms (Charrier et al, 2016) Agent a sees truth value of p

Paying attention to public announcements 
(Bolander et al, 2016)

𝐵!𝑝𝑎𝑦𝐴𝑡𝑡 𝑏 → 𝑝! 𝐵!𝐵"𝑝

Asynchronous announcements (Knight et al, 2019) 𝑝! 𝑟𝑒𝑎𝑑! 𝐾!𝑝
Epistemic gossip (Ditmarsch et al 2017) 𝑐𝑎𝑙𝑙!" 𝐾!𝑠𝑒𝑐𝑟𝑒𝑡"
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Event models
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Muddy children puzzle
§ Three children (𝑎, 𝑏, 𝑐) are playing in the mud. Father calls the children to the house, arranging them in a 

semicircle so that each child can clearly see every other child.

§ “At least one of you has mud on your forehead”, says Father. The children look around, each examining 
every other child’s forehead. Of course, no child can examine his or her own. 

§ Father continues, “If you know whether your forehead is dirty, then step forward now”. No child steps 
forward. 

§ Father repeats himself a second time, “If you know whether your forehead is dirty, then step forward 
now”.  Some (𝑎, 𝑏) but not all of the children (here: not 𝑐) step forward. 

§ Father repeats himself a third time, “If you know whether your forehead is dirty, then step forward now”. 
All remaining children step forward. 
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Similar to solving an algebraic equation these kinds of puzzles can be solved 
(automatically) with the right abstractions of knowledge related concepts and 
their dynamics, induced by acting and communication
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Examples of actions

pre:  𝑝
post: −

𝑎, 𝑏

pre:  𝑝
post: −

𝑎

pre:  𝑡𝑟𝑢𝑒
post: −

𝑎, 𝑏

𝑏

„public announcement of 𝑝“

„private  announcement of 𝑝 to 𝑎”
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Examples of actions

pre:    𝑖𝑛𝐵𝑎𝑠𝑘𝑒𝑡
post: ¬𝑖𝑛𝐵𝑎𝑠𝑘𝑒𝑡,
           𝑖𝑛𝐵𝑜𝑥	

𝑎

pre:  𝑡𝑟𝑢𝑒
post: −

𝑎, 𝑏

𝑏 „private action“

Scenario: Assume that agent 𝑎	transfers a marble from a basket 
to a box – not seen by agent 𝑏
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Definition (Event model)

§ An event model	ℰ = 𝐸, 𝑅!" !∈$%&	,𝑝𝑟𝑒,𝑝𝑜𝑠𝑡  is a  tuple where
§ 𝐸 = 𝑒,𝑒(,…  is a non-empty set of possible events
§ 𝑅!ℰ ⊆𝐸	×𝐸 is an accessibility relation on 𝐸 for agent 𝑎
§ 𝑝𝑟𝑒:𝐸 → ℒ"* is a precondition function
§ 𝑝𝑜𝑠𝑡:𝐸×𝐴𝑃 → ℒ"* is a postcondition function

§ A pair (ℰ,𝑒) is called an action where 𝑒 represents the actual event  
of ℰ,𝑒 	

§ A pair ℰ,𝐸+ , for 𝐸+ ⊆𝐸, is a non-deterministic action. The set 𝐸+ 
is the set of triggerable events. 

Remember:
§ ℒ!" is epistemic logic
§ 𝐴𝑃 is the set of propostional symbols  
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Examples of actions

pre:    𝑝
post: p ≔ 𝑞 𝑎

pre:  𝑡𝑟𝑢𝑒
post: − 𝑎, 𝑏

𝑏 „deterministic:
single pointed 
event model“

pre:  𝑡𝑟𝑢𝑒
post: 𝑝

𝑎

pre:  𝑡𝑟𝑢𝑒
post: −

𝑎, 𝑏

𝑏

pre:  𝑡𝑟𝑢𝑒
post: ¬𝑝 𝑎

𝑏

„non-deterministic:
Multi-pointed 
event model“
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Public Actions
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Definition

An action is said to be public iff the accessibility relations in the 
underlying event model are self-loops

Examples of actions

pre:  𝑡𝑟𝑢𝑒
post: 𝑝

𝑎, 𝑏

pre:  𝑡𝑟𝑢𝑒
post: ¬	𝑝

𝑎, 𝑏
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Non-Ontic Actions
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Definition

An action is said to be non-ontic iff the postconditions are trivial: 
for all 𝑒 ∈ 𝐸, for all propositions 𝑝 ∈ 𝐴𝑃:  𝑝𝑜𝑠𝑡 𝑒,𝑝 = 𝑝, 
also written as: 𝑝𝑜𝑠𝑡 ≔−

Examples of actions

pre:  𝑝
post: −

𝑎

pre:  𝑡𝑟𝑢𝑒
post: −

𝑎, 𝑏

𝑏
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Product Update: Muddy Children
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Effect of a public announcement
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Publicly announcing 𝐹 leads to keeping only the 𝐹 worlds. 

Discussion about modeling actions
Formal definition of event models

Model checking
Theorem proving

Epistemic planning

Examples of actions
Definition
E�ect of actions
Dynamic language
Expressivity

E�ect of a public announcement of Ï: only keep Ï-worlds

pre: Ï
post: ≠ a, b

In Hintikka’s World: Try on several examples!

Ï

¬Ï

announcement of Ï

29 / 80

pre:  𝐹
post: −

𝑎, 𝑏

𝐹 𝐹

¬𝐹

𝐹
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Muddy children puzzle: sketch of solution
§ Children:  Anne (𝑎), Bill (𝑏), Cath (𝑐) 

§ Actual world: 
𝑎, 𝑏 muddy (𝑚!, 𝑚"), 𝑐 is not (¬𝑚#)

§ 𝑎 argues: 
§ 𝑚",¬𝑚#

§ If ¬𝑚! were the case, then 𝑏 would see 
none with mud on forehead and hence 
infer that 𝑚" (due to the announcement 
of the father that someone has mud).

§ 𝑎 further argues
§ But 𝑏 did not step forward, so he 

does not know whether 𝑚"
§ Hence, 𝑎 steps forward next time

§ 𝑏 argues similarly 

§ A formal treatment possible in 
DEL, as shown exemplarily on 
the next slides
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94 4 Public Announcements
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ma ∨ mb ∨ mc

¬(Kama ∨ Ka¬ma) ∧ ¬(Kbmb∨

Kb¬mb) ∧ ¬(Kcmc ∨ Kc¬mc)

(Kama ∨ Ka¬ma)∧

(Kbmb ∨ Kb¬mb)

Figure 4.8. The top-left corner depicts the epistemic state where Anne and Bill are
muddy, and Cath is not. The first transition depicts the effect of the announcement
that at least one child is muddy. The second transition depicts the effect of no child
stepping forward, i.e., an announcement that nobody knows whether (s)he is muddy.
This is an unsuccessful update. The last transition depicts the result of Anne and
Bill stepping forward, because they both know whether (that) they are muddy.

x = 1 means that Anne is muddy, and y = 0 means that Bill is not muddy,
etc. In state 110, for instance, a and b are muddy, but c is not. Let us assume
that 110 is the actual state. Although it is the case in 110 that everybody
knows there is at least one muddy child this is not common knowledge. For
example, a considers it possible that b considers it possible that no child
is muddy. Formally, we have that Cube, 110 |= Eabc(m1 ∨ m2 ∨ m3), but
that Cube, 110 |= ¬Cabc(m1 ∨ m2 ∨ m3), because 110 ∼a 010 ∼b 000 and
Cube, 000 |= ¬(m1 ∨ m2 ∨ m3).

Father’s announcement that at least one of the children is muddy is an
announcement of the formula ma ∨ mb ∨ mc. Let us abbreviate this formula
with muddy:

muddy = m1 ∨ m2 ∨ m3

Aktuelle Welt 110: 
𝑚# ∧𝑚$ ∧ ¬𝑚%, d.h.: 
a schlammig; 
b schlammig; 
c nicht schlammmig

Vater:  „Einer von 
euch hat Schlamm 
an der Stirn “

Also wird 
Welt 000 gelöscht

Kein Kind schreitet vorwärts:
a,b,c: „ich weiß nicht, ob ich 
Schlamm an der Stirn habe“

V 
V 

V 
V 

V 

V V 
V 

V 
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94 4 Public Announcements
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Figure 4.8. The top-left corner depicts the epistemic state where Anne and Bill are
muddy, and Cath is not. The first transition depicts the effect of the announcement
that at least one child is muddy. The second transition depicts the effect of no child
stepping forward, i.e., an announcement that nobody knows whether (s)he is muddy.
This is an unsuccessful update. The last transition depicts the result of Anne and
Bill stepping forward, because they both know whether (that) they are muddy.

x = 1 means that Anne is muddy, and y = 0 means that Bill is not muddy,
etc. In state 110, for instance, a and b are muddy, but c is not. Let us assume
that 110 is the actual state. Although it is the case in 110 that everybody
knows there is at least one muddy child this is not common knowledge. For
example, a considers it possible that b considers it possible that no child
is muddy. Formally, we have that Cube, 110 |= Eabc(m1 ∨ m2 ∨ m3), but
that Cube, 110 |= ¬Cabc(m1 ∨ m2 ∨ m3), because 110 ∼a 010 ∼b 000 and
Cube, 000 |= ¬(m1 ∨ m2 ∨ m3).

Father’s announcement that at least one of the children is muddy is an
announcement of the formula ma ∨ mb ∨ mc. Let us abbreviate this formula
with muddy:

muddy = m1 ∨ m2 ∨ m3

Actual world 110, i.e. 
𝑚# ∧𝑚$ ∧ ¬𝑚%: 
𝑎 muddy; 
𝑏 muddy; 
𝑐 not muddy

Vater:  „Einer von 
euch hat Schlamm 
an der Stirn “

Also wird 
Welt 000 gelöscht

Kein Kind schreitet vorwärts:
a,b,c: „ich weiß nicht, ob ich 
Schlamm an der Stirn habe“

V 

V 
V 

V 

V V 
V 

V 
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Figure 4.8. The top-left corner depicts the epistemic state where Anne and Bill are
muddy, and Cath is not. The first transition depicts the effect of the announcement
that at least one child is muddy. The second transition depicts the effect of no child
stepping forward, i.e., an announcement that nobody knows whether (s)he is muddy.
This is an unsuccessful update. The last transition depicts the result of Anne and
Bill stepping forward, because they both know whether (that) they are muddy.

x = 1 means that Anne is muddy, and y = 0 means that Bill is not muddy,
etc. In state 110, for instance, a and b are muddy, but c is not. Let us assume
that 110 is the actual state. Although it is the case in 110 that everybody
knows there is at least one muddy child this is not common knowledge. For
example, a considers it possible that b considers it possible that no child
is muddy. Formally, we have that Cube, 110 |= Eabc(m1 ∨ m2 ∨ m3), but
that Cube, 110 |= ¬Cabc(m1 ∨ m2 ∨ m3), because 110 ∼a 010 ∼b 000 and
Cube, 000 |= ¬(m1 ∨ m2 ∨ m3).

Father’s announcement that at least one of the children is muddy is an
announcement of the formula ma ∨ mb ∨ mc. Let us abbreviate this formula
with muddy:

muddy = m1 ∨ m2 ∨ m3

Father:  „One of you
 is muddy“
 𝑚# ∨	m$ ∨𝑚%

Also wird 
Welt 000 gelöscht

Kein Kind schreitet vorwärts:
a,b,c: „ich weiß nicht, ob ich 
Schlamm an der Stirn habe“

V 

V 

V V 
V 

V 

V 
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Actual world 110, i.e. 
𝑚# ∧𝑚$ ∧ ¬𝑚%: 
𝑎 muddy; 
𝑏 muddy; 
𝑐 not muddy
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Figure 4.8. The top-left corner depicts the epistemic state where Anne and Bill are
muddy, and Cath is not. The first transition depicts the effect of the announcement
that at least one child is muddy. The second transition depicts the effect of no child
stepping forward, i.e., an announcement that nobody knows whether (s)he is muddy.
This is an unsuccessful update. The last transition depicts the result of Anne and
Bill stepping forward, because they both know whether (that) they are muddy.

x = 1 means that Anne is muddy, and y = 0 means that Bill is not muddy,
etc. In state 110, for instance, a and b are muddy, but c is not. Let us assume
that 110 is the actual state. Although it is the case in 110 that everybody
knows there is at least one muddy child this is not common knowledge. For
example, a considers it possible that b considers it possible that no child
is muddy. Formally, we have that Cube, 110 |= Eabc(m1 ∨ m2 ∨ m3), but
that Cube, 110 |= ¬Cabc(m1 ∨ m2 ∨ m3), because 110 ∼a 010 ∼b 000 and
Cube, 000 |= ¬(m1 ∨ m2 ∨ m3).

Father’s announcement that at least one of the children is muddy is an
announcement of the formula ma ∨ mb ∨ mc. Let us abbreviate this formula
with muddy:

muddy = m1 ∨ m2 ∨ m3

World 000 is 
eliminated

Kein Kind schreitet vorwärts:
a,b,c: „ich weiß nicht, ob ich 
Schlamm an der Stirn habe“V 

V V 
V 
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Actual world 110, i.e. 
𝑚# ∧𝑚$ ∧ ¬𝑚%: 
𝑎 muddy; 
𝑏 muddy; 
𝑐 not muddy

Father:  „One of you
 is muddy“
 𝑚# ∨	m$ ∨𝑚%
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Figure 4.8. The top-left corner depicts the epistemic state where Anne and Bill are
muddy, and Cath is not. The first transition depicts the effect of the announcement
that at least one child is muddy. The second transition depicts the effect of no child
stepping forward, i.e., an announcement that nobody knows whether (s)he is muddy.
This is an unsuccessful update. The last transition depicts the result of Anne and
Bill stepping forward, because they both know whether (that) they are muddy.

x = 1 means that Anne is muddy, and y = 0 means that Bill is not muddy,
etc. In state 110, for instance, a and b are muddy, but c is not. Let us assume
that 110 is the actual state. Although it is the case in 110 that everybody
knows there is at least one muddy child this is not common knowledge. For
example, a considers it possible that b considers it possible that no child
is muddy. Formally, we have that Cube, 110 |= Eabc(m1 ∨ m2 ∨ m3), but
that Cube, 110 |= ¬Cabc(m1 ∨ m2 ∨ m3), because 110 ∼a 010 ∼b 000 and
Cube, 000 |= ¬(m1 ∨ m2 ∨ m3).

Father’s announcement that at least one of the children is muddy is an
announcement of the formula ma ∨ mb ∨ mc. Let us abbreviate this formula
with muddy:

muddy = m1 ∨ m2 ∨ m3

No child steps forward à 
𝑎, 𝑏, 𝑐: „I don‘t know whether I 
am muddy“

V V 
V 
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Actual world 110, i.e. 
𝑚# ∧𝑚$ ∧ ¬𝑚%: 
𝑎 muddy; 
𝑏 muddy; 
𝑐 not muddy

World 000 is 
eliminated

Father:  „One of you
 is muddy“
 𝑚# ∨	m$ ∨𝑚%
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Figure 4.8. The top-left corner depicts the epistemic state where Anne and Bill are
muddy, and Cath is not. The first transition depicts the effect of the announcement
that at least one child is muddy. The second transition depicts the effect of no child
stepping forward, i.e., an announcement that nobody knows whether (s)he is muddy.
This is an unsuccessful update. The last transition depicts the result of Anne and
Bill stepping forward, because they both know whether (that) they are muddy.

x = 1 means that Anne is muddy, and y = 0 means that Bill is not muddy,
etc. In state 110, for instance, a and b are muddy, but c is not. Let us assume
that 110 is the actual state. Although it is the case in 110 that everybody
knows there is at least one muddy child this is not common knowledge. For
example, a considers it possible that b considers it possible that no child
is muddy. Formally, we have that Cube, 110 |= Eabc(m1 ∨ m2 ∨ m3), but
that Cube, 110 |= ¬Cabc(m1 ∨ m2 ∨ m3), because 110 ∼a 010 ∼b 000 and
Cube, 000 |= ¬(m1 ∨ m2 ∨ m3).

Father’s announcement that at least one of the children is muddy is an
announcement of the formula ma ∨ mb ∨ mc. Let us abbreviate this formula
with muddy:

muddy = m1 ∨ m2 ∨ m3

V 
V 
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Actual world 110, i.e. 
𝑚# ∧𝑚$ ∧ ¬𝑚%: 
𝑎 muddy; 
𝑏 muddy; 
𝑐 not muddy

World 000 is 
eliminated

No child steps forward à 
𝑎, 𝑏, 𝑐: „I don‘t know whether I 
am muddy“

Father:  „One of you
 is muddy“
 𝑚# ∨	m$ ∨𝑚%
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Figure 4.8. The top-left corner depicts the epistemic state where Anne and Bill are
muddy, and Cath is not. The first transition depicts the effect of the announcement
that at least one child is muddy. The second transition depicts the effect of no child
stepping forward, i.e., an announcement that nobody knows whether (s)he is muddy.
This is an unsuccessful update. The last transition depicts the result of Anne and
Bill stepping forward, because they both know whether (that) they are muddy.

x = 1 means that Anne is muddy, and y = 0 means that Bill is not muddy,
etc. In state 110, for instance, a and b are muddy, but c is not. Let us assume
that 110 is the actual state. Although it is the case in 110 that everybody
knows there is at least one muddy child this is not common knowledge. For
example, a considers it possible that b considers it possible that no child
is muddy. Formally, we have that Cube, 110 |= Eabc(m1 ∨ m2 ∨ m3), but
that Cube, 110 |= ¬Cabc(m1 ∨ m2 ∨ m3), because 110 ∼a 010 ∼b 000 and
Cube, 000 |= ¬(m1 ∨ m2 ∨ m3).

Father’s announcement that at least one of the children is muddy is an
announcement of the formula ma ∨ mb ∨ mc. Let us abbreviate this formula
with muddy:

muddy = m1 ∨ m2 ∨ m3

V 
V 

For example 100 is
eliminated  because:
here 𝑎	would know that 
he is muddy
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Actual world 110, i.e. 
𝑚# ∧𝑚$ ∧ ¬𝑚%: 
𝑎 muddy; 
𝑏 muddy; 
𝑐 not muddy

World 000 is 
eliminated

No child steps forward à 
𝑎, 𝑏, 𝑐: „I don‘t know whether I 
am muddy“

Father:  „One of you
 is muddy“
 𝑚# ∨	m$ ∨𝑚%
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Figure 4.8. The top-left corner depicts the epistemic state where Anne and Bill are
muddy, and Cath is not. The first transition depicts the effect of the announcement
that at least one child is muddy. The second transition depicts the effect of no child
stepping forward, i.e., an announcement that nobody knows whether (s)he is muddy.
This is an unsuccessful update. The last transition depicts the result of Anne and
Bill stepping forward, because they both know whether (that) they are muddy.

x = 1 means that Anne is muddy, and y = 0 means that Bill is not muddy,
etc. In state 110, for instance, a and b are muddy, but c is not. Let us assume
that 110 is the actual state. Although it is the case in 110 that everybody
knows there is at least one muddy child this is not common knowledge. For
example, a considers it possible that b considers it possible that no child
is muddy. Formally, we have that Cube, 110 |= Eabc(m1 ∨ m2 ∨ m3), but
that Cube, 110 |= ¬Cabc(m1 ∨ m2 ∨ m3), because 110 ∼a 010 ∼b 000 and
Cube, 000 |= ¬(m1 ∨ m2 ∨ m3).

Father’s announcement that at least one of the children is muddy is an
announcement of the formula ma ∨ mb ∨ mc. Let us abbreviate this formula
with muddy:

muddy = m1 ∨ m2 ∨ m3

𝑎, 𝑏 step forward
(𝐾#𝑚# ∨ 𝐾#¬𝑚#) ∧
 𝐾$𝑚$ ∨ 𝐾$¬𝑚$)
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For example 100 is
eliminated  because:
here 𝑎	would know that 
he is muddy 

Actual world 110, i.e. 
𝑚# ∧𝑚$ ∧ ¬𝑚%: 
𝑎 muddy; 
𝑏 muddy; 
𝑐 not muddy

World 000 is 
eliminated

No child steps forward à 
𝑎, 𝑏, 𝑐: „I don‘t know whether I 
am muddy“

Father:  „One of you
 is muddy“
 𝑚# ∨	m$ ∨𝑚%
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Figure 4.8. The top-left corner depicts the epistemic state where Anne and Bill are
muddy, and Cath is not. The first transition depicts the effect of the announcement
that at least one child is muddy. The second transition depicts the effect of no child
stepping forward, i.e., an announcement that nobody knows whether (s)he is muddy.
This is an unsuccessful update. The last transition depicts the result of Anne and
Bill stepping forward, because they both know whether (that) they are muddy.

x = 1 means that Anne is muddy, and y = 0 means that Bill is not muddy,
etc. In state 110, for instance, a and b are muddy, but c is not. Let us assume
that 110 is the actual state. Although it is the case in 110 that everybody
knows there is at least one muddy child this is not common knowledge. For
example, a considers it possible that b considers it possible that no child
is muddy. Formally, we have that Cube, 110 |= Eabc(m1 ∨ m2 ∨ m3), but
that Cube, 110 |= ¬Cabc(m1 ∨ m2 ∨ m3), because 110 ∼a 010 ∼b 000 and
Cube, 000 |= ¬(m1 ∨ m2 ∨ m3).

Father’s announcement that at least one of the children is muddy is an
announcement of the formula ma ∨ mb ∨ mc. Let us abbreviate this formula
with muddy:

muddy = m1 ∨ m2 ∨ m3
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World 000 is 
eliminated

Actual world 110, i.e. 
𝑚# ∧𝑚$ ∧ ¬𝑚%: 
𝑎 muddy; 
𝑏 muddy; 
𝑐 not muddy

For example 100 is
eliminated  because:
here 𝑎	would know that 
he is muddy

𝑎, 𝑏 step forward
(𝐾#𝑚# ∨ 𝐾#¬𝑚#) ∧
 𝐾$𝑚$ ∨ 𝐾$¬𝑚$)

No child steps forward à 
𝑎, 𝑏, 𝑐: „I don‘t know whether I 
am muddy“

Father:  „One of you
 is muddy“
 𝑚# ∨	m$ ∨𝑚%
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Product Update: formally
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Example: next state update 
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State Action Next State

(epistemic model) (event model) (updated epistemic model)

¬	ℎ𝑎𝑠5 ⋄
ℎ𝑎𝑠5 ⋄

¬	ℎ𝑎𝑠5 ⋄

pre:  has5 ⋄
post: ¬has5 ⋄

pre: 𝑡𝑟𝑢𝑒
post:  - 

ℎ𝑎𝑠5 ⋄

¬	ℎ𝑎𝑠5 ⋄
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Definition (Update Product)

§ Given 
§ ℳ = (𝑊, 𝑅! !∈$%&, 𝑉)  (epistemic model)
§ ℰ = 𝐸, 𝑅!" !∈$%&	,𝑝𝑟𝑒,𝑝𝑜𝑠𝑡   (event model)

§ define the update product  of 𝑀 and ℰ	as the epistemic model  
ℳ⊗ℰ = (𝑊⊗, 𝑅!

⊗
!∈$%&,𝑉

⊗)   where 

§  𝑊⊗ = 𝑤,𝑒 ∈𝑊	×	𝐸 ℳ,𝑤 ⊨ 𝑝𝑟𝑒 𝑒
§  𝑅!

⊗ = {	( 𝑤,𝑒 , 𝑤(,𝑒() ∈𝑊⊗ ∣ 𝑤	𝑅!	𝑤(	 𝑎𝑛𝑑	 𝑒	𝑅!ℰ	𝑒(	}
§ V⊗((𝑤,𝑒)) = {	𝑝 ∈ 𝐴𝑃 ∣ℳ,𝑤 ⊨ 𝑝𝑜𝑠𝑡 𝑒,𝑝 }
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Definition (Successor state)

The successor state of an epistemic state (ℳ,𝑤) by action (ℰ,𝑒) 
is ℳ,𝑤 ⊗ ℰ,𝑒 = (ℳ⊗ℰ, 𝑤,𝑒 ) 
if ℳ,𝑤 ⊨ 𝑝𝑟𝑒(𝑒), otherwise it is undefined.  
§ Write 𝑒 for ℰ,𝑒
§ Write `𝑤𝑒‘ for (𝑤, 𝑒)
§ Write	ℳ⊗ℰ- forℳ⊗ℰ⊗ℰ…⊗ℰ (n-times)
§ Write 𝑤𝑒.…𝑒- ⊨ 𝜙 for ℳ⊗ℰ-,𝑤𝑒.…𝑒- ⊨𝜙, 
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Test your understanding
§ Q: Just before the muddy children 

example we stated that publicly 
announcing 𝐹 amounts to keeping 
those states on which 𝐹 is true.  
Prove this with the previous 
definition of the update product. 
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Test your understanding
§ Q: Just before the muddy children  

example we stated that publicly 
announcing 𝐹 amounts to keeping 
those states on which 𝐹 is true.  
Prove this with the previous 
definition of the update product. 

A: 

§ A public announcement consists 
of just a single event world.

§ So, the cartesian product with the 
epistemic model is of the same 
size of the  epistemic model
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pre:  𝐹
post: −

𝑎, 𝑏
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Test your understanding (continued)
§ Q: Just before the muddy children 

example we stated that publicly 
announcing 𝐹 amounts to keeping 
those states on which 𝐹 is true.  
Prove this with the previous 
definition of the update product. 

A: 

§ The worlds in 𝑊⊗ are 
𝑤,𝑒 ∈𝑊	×	𝐸 ℳ,𝑤 ⊨ 𝐹

§ The original accessibility relations 
do not change; 

§ due to  𝑝𝑜𝑠𝑡:− the valuations also 
do not change
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pre:  𝐹
post: −

𝑎, 𝑏
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Discussion about modeling actions
Formal definition of event models

Model checking
Theorem proving

Epistemic planning

Examples of actions
Definition
E�ect of actions
Dynamic language
Expressivity

Example of an update product

a b a b

a b a b

a

a

b b

a, b

a, b

a, b

a, b

¢ pre: ma
post: ≠

pre: true
post: ≠

ba a, b

=

a ba

a ba

a b

b

b

a, b

a b
a a, b

a b

b

b

b

a, b a ba

b

a, b

30 / 80

Example (Update Product)

Agent a gets private 
message about
mud on her forehead
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Discussion about modeling actions
Formal definition of event models

Model checking
Theorem proving

Epistemic planning

Examples of actions
Definition
E�ect of actions
Dynamic language
Expressivity

Example of an update product

a b a b

a b a b

a

a

b b

a, b

a, b

a, b

a, b

¢ pre: ma
post: ≠

pre: true
post: ≠

ba a, b

=

a ba

a ba

a b

b

b

a, b

a b
a a, b

a b

b

b

b

a, b a ba

b

a, b

30 / 80

Example (Update Product)

Of the eight possible 
states only 6 are left: 
The product of the 
epistemic model with 
the first event of 
the event model 
leaves only left 
column of the original 
model (where𝑚! holds)
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Discussion about modeling actions
Formal definition of event models

Model checking
Theorem proving

Epistemic planning

Examples of actions
Definition
E�ect of actions
Dynamic language
Expressivity

Example of an update product

a b a b

a b a b

a

a

b b

a, b

a, b

a, b

a, b

¢ pre: ma
post: ≠

pre: true
post: ≠

ba a, b

=

a ba

a ba

a b

b

b

a, b

a b
a a, b

a b

b

b

b

a, b a ba

b

a, b

30 / 80

Example (Update Product)

Of the eight possible 
states only 6 are left: 
The product of the 
epistemic model with 
the second event of 
the event model 
conserves original 
epistemic model
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Logic DEL
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Definition (Dynamic Epistemic Logic 𝐿/"*01)

§ Syntax: The language ℒ/"*01 extends ℒ"*01	with dynamic 
(possibility) modalities < ℰ,𝐸+ >	according to the following 
grammar:   
𝐹 ∷= ⊤ ∣ 𝑝 ∣ ¬𝐹 ∣ 𝐹 ∨ 𝐹 ∣ 𝐾!𝐹 ∣ 𝐶%𝐹 ∣	< ℰ,𝐸+ > 𝐹	

§ Semantics:  The modelling relation ⊨ for ℒ"*01	 is extended 
with the following clause:
ℳ,𝑤 ⊨< ℰ,𝐸+ > 𝐹 iff there exists 𝑒 ∈ 𝐸+  such that  
                                                         ℳ,𝑤 ⊨ 𝑝𝑟𝑒(𝑒) and ℳ⊗ℰ, 𝑤,𝑒 ⊨ 𝐹

§ Dual operator ℰ,𝐸+ 𝐹 (seeAppendix)

𝐶& 	 (common knowledge) and a-like group-related knowledge will be discussed 
in the course SSF
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Expressivity and Succinctness
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Proof idea: Dynamic operators [ℰ,𝐸] can be removed without loosing 
anything
§ 𝐹! 𝐺: if 𝐹 holds then after having anounced 𝐹 publicly, 𝐺 holds.
§ Example reductions: 

𝐹! 𝑝:  says the same as 𝐹 → 𝑝
§ 𝐹! ¬𝐺:  says the same as 𝐹 → ¬ 𝐹! 𝐺
§ ...

Theorem (Baltag 98) 
DEL and EL have the same expressivity
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Expressivity and Succinctness

§ Succinctness of 𝐿. w.r.t 𝐿2 means roughly:
§ For every formula in 𝐿2 you can find a shorter equivalent one  in 𝐿.
§ There is a formula in 𝐿. that can be expressed only by an exponentially 

smaller formula in 𝐿. à Appendix

§ So: “DEL is syntactic sugar that does the not make you fat but thin J” 
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Theorem (Lutz 2006) 
DEL is exponentially more succinct than EL
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Conclusion                                &  Outlook
§ Dealing with actions and their 

(epistemic) consequences with 
slightly extended Kripke 
semantics in DEL

§ Nice illustration of: Sometimes 
you do not want to say more, but 
want to say it shortly 

§ Time is relevant for change

§ Next weak: temporal logics and 
epistemics
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Thanks for your attention!

Winter term 25/26

https://www.philosophie.uni-hamburg.de/chai/personen/oezcep.html
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Definition

Given a class 𝑋 of models,  𝐿$ is exponentially more succinct than 𝐿% on 𝑋 iff 
the following conditions hold: 
•  for every formula 𝛽 ∈ 𝐿% there is a formula 𝛼 ∈ 𝐿$ such that 𝛼 ≡& 	𝛽 

and 𝛼 ≤ |𝛽|.
•  there exist 𝑘$, 𝑘% > 0, a sequence of formulas 𝛼$, 𝛼%, … ∈ 𝐿$, and a sequence 

of  formulas 𝛽$, 𝛽%, … ∈ 𝐿% such that, for all 𝑛, we have: 
• 𝛼' ≤ 𝑘$𝑛
• |𝛽'| ≥ 2(!'
• 𝛽' is the shortest formula in 𝐿% that is equivalent  to 𝛼' on 𝑋
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Definition (Dual Operator)

§ ℰ,𝐸+ 𝐹 ≔ ¬< ℰ,𝐸+ >¬𝐹 
§ The induced semantics is

ℳ,𝑤 ⊨ ℰ,𝐸+ 𝐹    iff     for all  e ∈ 𝐸+  we have:  
                                                      If ℳ,𝑤 ⊨ 𝑝𝑟𝑒(𝑒) then ℳ⊗ℰ, 𝑤,𝑒 ⊨ 𝐹


