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Agents, Intellectics, and Logic (AIL) 
Lecture 08: Knowledge and Time 

„What then is time? If no one asks me, I know what it is. 
If I wish to explain it to him who asks, I do not know.“                     

(Augustine of Hippo- Confessiones)
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Evaluation of the course
§ Please give me a feedback to the lecture not later than 31 December 2025
§ Online via the following URL

https://evasys-online.uni-hamburg.de/evasys/online.php?pswd=NFCND

§ In advance, thank you for your time and effort!

https://evasys-online.uni-hamburg.de/evasys/online.php?pswd=NFCND
https://evasys-online.uni-hamburg.de/evasys/online.php?pswd=NFCND
https://evasys-online.uni-hamburg.de/evasys/online.php?pswd=NFCND
https://evasys-online.uni-hamburg.de/evasys/online.php?pswd=NFCND
https://evasys-online.uni-hamburg.de/evasys/online.php?pswd=NFCND
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Today’s lecture is based on
§ The AAMAS 2019 Tutorial „EPISTEMIC REASONING IN MULTI-AGENT 

SYSTEMS“, Part 3: Knowledge and Time
http://people.irisa.fr/Francois.Schwarzentruber/2019AAMAStutorial/

§ Parts of „Formal Methods - Lecture III: Linear Temporal Logic“ 2010/11 by 
Allessandro Artale
https://web.iitd.ac.in/~sumeet/slide3.pdf
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Temporal Logic
§ Originally, developed to capture tense in natural 

language.

§ Has a significant role in the formal specification and 
verification of concurrent reactive systems.
§ Can specify useful properties such safety, liveness, 

fairness
§ When Vardi (Vardi 09) speaks of „industrial logics“ he 

thinks mainly about temporal logics

Winter term 25/26 AIL | Özgür L. Özçep 4



CHAI
Humanities-Centered AI

Purpose of today’s lecture    &     Agenda
§ Learn about bits and 

bytes in representing and 
reasoning with time

§ Learn how to combine 
systems/logics in case of 
epistemic logic and 
temporal logic

§ Flow of time

§ Linear Temporal Logic

§ Epistemic Linear 
Temporal Logic
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Flow of Time
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Flow of Time
§ Flow of time 𝑇,≤! is a structure with a time domain 𝑇 and a binary 

before relation ≤! over it. 

§ Flow metaphor hints on directionality and dynamic aspect of time 

§ Induces „strictly before“ relation: x <! 𝑦 iff 𝑥 ≤! 𝑦 and not 𝑦 ≤! 𝑥

§ But still different forms of flows are possible – and in fact used in AI  
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Reasoning with Time and Knowledge 
§ The focus in this lecture is on representational and modelling 

aspects of time and knowledge for agent reasoning 
§ Model checking on concrete structures of flow of (time) (as  

done in LTL (or CTL)) 
§ Combination with epistemic logic 
§ See also chapter 10 in Handbook on AI (in German)

§ Another research strand is the model-theoretic and axiomatic 
investigation of flows of time (Benthem 91)
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What are potential domain elements 𝑻?
§ Candidates: points (atomic time 

instances)

§ Pairs of points (application time + 
transaction time) 

§ Intervals (open, closed, ..)

§ ...

§ Considered in the following; other 
𝑇s usually reducible to it

§ E.g., in DB context may store time 
of validity vs. arrival of data at DB

§ Classical AI approach (Allen 84)
§ 𝑋 precedes 𝑌
§ 𝑋 overlaps 𝑌
§ … (further relations)
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Axiomatics for order relation ≤𝑻?
§ Non-branching (linear) vs. 

§ Branching  

§ Linearity (LIN):
§ Reflexive  (∀𝑡 ∈ 𝑇: 𝑡 ≤! 𝑡)
§ Antisymmetric  (∀𝑡", 𝑡# ∈ 𝑇: 𝑡" ≤ 𝑡# ∧ 𝑡# ≤! 𝑡" → 𝑡" = 𝑡#)
§ Transitive (∀𝑡", 𝑡#, 𝑡$ ∈ 𝑇 ∶ 𝑡" ≤! 𝑡# ∧ 𝑡# ≤ 𝑡$ → 𝑡" ≤ 𝑡$)
§ Complete (∀𝑡", 𝑡# ∈ 𝑇: 𝑡" ≤ 𝑡# ∨ 𝑡# ≤ 𝑡" ∨ 𝑡" = 𝑡#)

§ …                                                    …

§ …
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Axiomatics for order relation ≤𝑻?
§ Existence of a first element (FE)

§ or of a last element (LE)

§ Discreteness

§ Density 

§ Dedekind continuity 

§ ... 

§ …

§ … 

§ Example: 𝑇 = ℕ

§ Example: T = ℚ

§ Example:  𝑇 = ℝ
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Test your formalization abilities 
§ Q: Give a formalization of FOL  

axioms of the existence of a first 
element and a last element

§ A: 
§ First element: ∃𝑥	∀𝑦	𝑥 ≤ 𝑦	
§ First element: ∃𝑥	∀𝑦	𝑦 ≤ 𝑥	
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Early expressiveness result on flows of times
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Theorem (Kamp 1968) 

§ The Logic 𝐿%& based on binary modalities S(ince) and U(ntil) 
cannot be captured by modal logic based on F(uture) (◇) and  
G(lobally) (☐)

§ Over Dedekind continuous strict total orders (such as <ℝ) 𝐿%&
provides expressiveness of first-order logic. 

(see, e.g., Chapter 7 in (Blackburn et al, 02)) 



CHAI
Humanities-Centered AI

Model-theoretic investigations
§ Benthem (91) makes also model 

theoretic investigations 

§ Motivation: Logics such as FOL 
may not be sufficiently expressive

§ In particular, axiomatization in 
such logics may lead to 
unintended models 
à non-standard models 

§ Consider linear flows of time 
(𝑇,≤!)w/o last & starting point

§ ≤! fulfills the axioms LIN, LE, FE, 
all of which are in FOL

§ But so does the concatenation of 
two such flows with an “infinite 
gap” in-between
… _______    … _______  …   
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Model-theoretic investigations
§ Benthem (91) makes also model 

theoretic investigations 

§ Motivation: Logics such as FOL 
may not be sufficiently expressive

§ In particular, axiomatization in 
such logics may lead to 
unintended models 
à non-standard models 
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Intended 
models 

All models

Approximation 𝑀𝑜𝑑(𝑎𝑥)

Unintended model
(“false positive”)
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Linear Temporal Logic (LTL)
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Linear Temporal Logic

Winter term 25/26 AIL | Özgür L. Özçep 17

Definition

A linear temporal model (ℕ,<, 𝑉) is a Kripke Model, where
§ 𝑉:𝑁 → 2() (as usual) 
§ < is the accessibility relation given by the natural order on ℕ

(Convention: in the following the linear order <not mentioned)

𝑝 𝑟𝑝 𝑝, 𝑞
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Example

Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Models

Syntax and semantics

Satisfiability problem

Model checking

Example

Example (tra�c light)

· · ·

5 / 34

Linear temporal models are useful to model the temporal behavior
of (state-based) transition systems such as that of a traffic light
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Definition

§ 𝒪𝐹 (𝐹 is true at the next time)  

§ ◇𝐹 (𝐹 is true at some point in the future) 

§ ☐ 𝐹 (𝐹 is true at all future time points) 

§ 𝐹	𝒰	𝐺 (𝐺 is true at some future 
time point and 𝐹holds until 𝐺) 

𝒪𝐹 𝐹

◇𝐹 𝐹

☐ 𝐹 𝐹𝐹 𝐹

𝐹	𝒰	𝐺 𝐹 𝐹 𝐺

Formal semantics à Appendix



CHAI
Humanities-Centered AI

Winter term 25/26 AIL | Özgür L. Özçep 20

Example

§ Once red, the light cannot become green immediately
☐(𝑟𝑒𝑑 → ¬ 𝒪	𝑔𝑟𝑒𝑒𝑛) (here: not fulfilled)

§ The light becomes green eventually 
◇ 𝑔𝑟𝑒𝑒𝑛 (here: fulfilled)

Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Models

Syntax and semantics

Satisfiability problem

Model checking

Example

Example (tra�c light)

· · ·

5 / 34



CHAI
Humanities-Centered AI

Winter term 25/26 AIL | Özgür L. Özçep 21

Example

§ Once red, the light becomes green eventually 
☐ (𝑟𝑒𝑑 → ◇ 𝑔𝑟𝑒𝑒𝑛 ) (fulfilled in shown prefix)

§ Once red, the light always becomes green eventually after being 
yellow for some time in-between (not fulfilled)

☐ 𝑟𝑒𝑑 → 𝒪 𝑟𝑒𝑑	𝒰 𝑦𝑒𝑙𝑙𝑜𝑤 ∧ 𝒪 𝑦𝑒𝑙𝑙𝑜𝑤	𝒰	𝑔𝑟𝑒𝑒𝑛

Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Models

Syntax and semantics

Satisfiability problem

Model checking

Example

Example (tra�c light)

· · ·

5 / 34
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Typical Properties for Verification 
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Example (safety)

„Something bad will not happen“
• ☐¬ ( 𝑟𝑒𝑎𝑐𝑡𝑜𝑟*+,- > 1000)
• ☐¬( 𝑥 = 0 ∧ 𝑂𝑂𝑂 (𝑦 = .

/
))

Example (liveness)

„Something good  will happen“
• ◇ 𝑟𝑖𝑐ℎ
• ☐(𝑠𝑡𝑎𝑟𝑡 → ◇ 𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑡𝑒)
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Typical Properties for Verification 
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Example (fairness)

„ if something is attempted/requested infinitely often, then it will be 
successful/allocated infinitely often“

☐◇𝑟𝑒𝑎𝑑𝑦 → ☐◇ 𝑟𝑢𝑛
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Using LTL to check properties of systems
§ LTL uses an unfolding mechanism to check 

properties of transition systems 𝑆

§ History(𝑆)= all paths of states originating 
from initial state
§ Example histories:
§ s0 → 𝑠" → 𝑠# → 𝑠1 → 𝑠1 → 𝑠1 → 𝑠1…
§ s0 → 𝑠$ → 𝑠# → 𝑠1 → 𝑠1 → 𝑠1 → 𝑠1…

§ Each corresponds to a linear flow of time 
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Using LTL to check properties of systems
§ Model checking problem with LTL
§ Input: transition system 𝑆; LTL formula 𝐹
§ Output: yes if all histories of 𝑆

emanating from an initial state satisfy 𝐹

§ Theorem: 
Model checking of LTL is PSPACE-complete 
(i.e., it is a hardest problem among those 
checkable in polynomial space)
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Example
Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Models

Syntax and semantics

Satisfiability problem

Model checking

Example

Transition system S:

Example (paths of S starting from an initial state of S)

· · ·

· · ·

· · ·

.

.

.

Z
______________̂

______________\

they all satisfy

G( æ X )

13 / 34

Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Models

Syntax and semantics

Satisfiability problem

Model checking

Example

Transition system S:

Example (paths of S starting from an initial state of S)

· · ·

· · ·

· · ·

.

.

.

Z
______________̂

______________\

they all satisfy

G( æ X )

13 / 34History(S)
All histories satisfy: 
☐ (𝑜𝑟𝑎𝑛𝑔𝑒 → 𝒪	𝑟𝑒𝑑)

S
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Non-linear temporal logics
§ LTL model-checks histories of a 

transition systems by considering 
each individually 

§ Note: It does NOT assume that 
there is a single possibility, nor 
does it assume determinism 

§ LTL is limited in expressiveness: 
only all-quantifier over histories

§ For a more expressive logic w.r.t.
to quantification on paths:  
CTL (computational tree logic) 
(Clark & Emerson 82)

§ For a more ambitious logic see 
work on branching-space time 
(Belnap et al 21)
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Epistemic Linear Temporal Logic
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Epistemic Linear Temporal Logic (ELTL)
§ Combination of 
§ Epistemic logic (with epistemic 

operators 𝐾2)  
§ Linear temporal logic (with 

temporal operators 𝒪,◇,☐, 𝒰)

§ Combination is an “art”

§ Conference series „Frontiers of 
combining systems“ (Frocos) 

§ Dialogue-style paper on 
combining systems by P. 
Blackburn and M. De Rijke. (97) 

§ Overview in SEP-article
(Carnielli  & Coniglio 08)
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Combined models
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Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Models

Semantics

Models

Definition

An ELTL model is a structure M = ÈTL ◊ N, (≥a)aœAGT, V Í such that:

TL is a non-empty set of timelines;

for all agents a,

≥a is an equivalence relation on TL ◊ N;

V : TL ◊ N æ 2
AP

.

17 / 34

Regions = equivalence classes
of ∼2 for a single agent 𝑎

Definition

An ELTL model is a structure
M = (𝑇𝐿 × ℕ, ∼2 2∈(4!, 𝑉)
such that 
§ 𝑇𝐿: set of timelines (runs)
§ ∼2: equivalence relation on 

𝑇𝐿 × ℕ for each agent 𝑎
§ 𝑉:𝑇𝐿×ℕ → 2()

Assume 𝑎 is in run 𝑡! at time 5; 
it thinks also possible that it  
it is in (𝑡!,4) or in (𝑡", 4) or in (𝑡", 5)
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Case: No interaction of knowledge and time à fusion
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§ Axiomatic-wise, very easy

FUSION(EL,LTL) =         Axiomatization (EL)       ∪ Axiomatization(LTL)

§ But not vey interesting, because no interaction

§ See Appendix for details 
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Adding interaction
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Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

When no interaction

Adding interaction

Impact on the complexity

Corresponding properties in the models

24 / 34

For additional criteria 
(resulting in 96 different 
epistemic temporal logics) see  
(Halpern/Vardi, 1989)
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Properties
§ Perfect recall/no forgetting: set of timelines agent 𝑎 considers possible 

stays the same or decreases with time
( Here we say agent 𝑎 considers timeline t’ possible at point (𝑡, 𝑛) if for 
some 𝑛’:   𝑡, 𝑛 ∼2 (𝑡’, 𝑛’) )

§ Formally: for all timelines 𝑡, 𝑡’ and times 𝑛, 𝑛’, 𝑘:
if 𝑡, 𝑛 ∼2 (𝑡’, 𝑛’) and 𝑘 ≤ 𝑛, then there exists 𝑘’ ≤ 𝑛’ such that 
𝑡, 𝑘 ∼2 (𝑡’, 𝑘’). 

§ Formalization of „No learning“ à Appendix
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No perfect recall (Ex.)

Winter term 25/26 AIL | Özgür L. Özçep 34

Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

When no interaction

Adding interaction

Impact on the complexity

Corresponding properties in the models

24 / 34

Here: (𝑡0, 9) ∼ (𝑡5, 9). 
But for no  𝑘6 < 9:
(𝑡0,8) ∼ (𝑡5, 𝑘′)

Remember: Perfect recall: 
if 𝑡, 𝑛 ∼2 (𝑡’, 𝑛’) and 𝑘 ≤ 𝑛, 
then there exists 𝑘’ ≤ 𝑛’ such that
𝑡, 𝑘 ∼2 (𝑡’, 𝑘’). 
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Correspondence: property/axiom

Property Axiom

Synchronous Agents know the time 𝑡 (not an axiom)

Perfect recall & 
Synchronous

𝐾!𝒪	𝐹 → 𝒪𝐾!𝐹

Perfect recall 𝐾!𝐹 ∧ 𝒪 𝐾!𝐺 ∧ ¬ 𝐾!𝐻 → ¬𝐾!¬(𝐾!𝐹	𝒰	(𝐾!𝐺	𝒰	¬𝐻))

No learning 𝐾!𝐹	𝒰	𝐾!𝐺 → 𝐾!(𝐾!𝐹	𝒰	𝐾!𝐺)
No learning & 
Synchronous

𝒪𝐾!𝐹 → 𝐾!𝒪	𝐹
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Model checking in ELTL
§ Input
§ an epistemic transition system 𝑆, i.e.a 

transition system augmented with 
epistemic relations 𝑅2 2∈(4! (dotted) 
with a set of initial states; 

§ an ELTL formula 𝐹

§ Output: „yes“ iff𝑀% , 𝜌,0 ⊨ 𝐹 for all histories 
𝜌of 𝑆emanating from an initial states of 𝑆
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Possible definition of 𝑴𝑺 (synchrony + perfect recall)
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Definition

For a transition system 𝑆 define model 𝑀% = TL ×ℕ, ∼2 2∈(4!, 𝑉 s.t.: 
§ 𝑇𝐿: set of timelines (runs) = set of paths of 𝑆 emanating from an initial 

state of 𝑆
§ For all agents a ∈ 𝐴𝐺𝑇: 𝜌, 𝑡 ∼2 (𝜌6, 𝑡′) iff 

§ 𝑡 = 𝑡6 (synchrony)
§ 𝜌 𝑖 𝑅2𝜌[𝑖]for 𝑖 ∈ {0,…,𝑡} (perfect recall) 
§ 𝑉: 𝑇𝐿 ×ℕ→ 2() is defined by 

𝑉 𝜌, 𝑡 = set of propositions true at 𝜌[𝑡]

Note: ∼# is the equivalence relation
on the combined model: for pairs 𝑟𝑢𝑛, 𝑡𝑖𝑚𝑒
The 𝑅# are the equivalence 
relations defined on the states
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Example  (Perfect Recall)

(Epistemic) 
Transition system S: 

Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Example

Transition system S:

Example (Perfect recall)

· · ·

· · ·

33 / 34

Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Example

Transition system S:

Example (Memory less)

· · ·

· · ·

Example (Perfect recall)

· · ·

· · ·

32 / 34
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Possible definition of 𝑴𝑺 (synchrony & memoryless)

Winter term 25/26 AIL | Özgür L. Özçep 39

Definition

For a transition system 𝑆 define model 𝑀% = TL ×ℕ, ∼2 2∈(4!, 𝑉 s.t.:
§ 𝑇𝐿: set of timelines (runs) = set of paths of 𝑆 emanating from an initial 

state of 𝑆
§ For all agents a ∈ 𝐴𝐺𝑇: 𝜌, 𝑡 ∼2 (𝜌6, 𝑡′) iff 

§ 𝑡 = 𝑡6 (synchrony)
§ 𝜌 𝑡 𝑅2𝜌[𝑡′] (memoryless) 
§ 𝑉: 𝑇𝐿 ×ℕ→ 2() is defined by 

𝑉 𝜌, 𝑡 = set of propositions true at 𝜌[𝑡]
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Example  (Memoryless)

(Epistemic) 
Transition system S: 

Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Example

Transition system S:

Example (Memory less)

· · ·

· · ·

Example (Perfect recall)

· · ·

· · ·
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Linear temporal logic

Epistemic linear temporal logic

Interaction between knowledge and time

Model checking

Example

Transition system S:

Example (Memory less)

· · ·

· · ·

Example (Perfect recall)

· · ·

· · ·

32 / 34
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Complexity of model checking
§ Theorem: Model-checking on memoryless and synchronous ELTL models is 

equally complex as model-checking on LTL models (Engelhardt et al. 2007) –
namely, PSPACE-complete

§ Theorem: Model-checking problem on ELTL models perfect recall and 
synchrony is at least as bad as in previous theorem –even worse under specific 
conditions (van der Meydenand Shilov, 1999) 

§ For a full statement of the theorems see the Appendix
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Conclusion & Outlook
§ Many ways of combining (linear)  

time and knowledge

§ Combinations not necessarily 
worse than components –
regarding complexity

§ Next: Use modal logics to model 
games, social choice, and 
mechanism design 

§ Afterwards: Switch to modelling 
beliefs and their change
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Thanks for your attention & Happy Christmas Holidays!

Summer term 25

https://www.philosophie.uni-hamburg.de/chai/personen/oezcep.html
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Semantics for LTL
§ ℕ,𝑉 ,𝑡 ⊨ 𝑝 if 𝑝 ∈ 𝑉 𝑡

§ ℕ,𝑉 ,𝑡 ⊨ ¬𝐹 if not ℕ,𝑉 ,𝑡 ⊨ 𝐹

§ ℕ,𝑉 ,𝑡 ⊨ 𝐹 ∨𝐺 if ℕ,𝑉 ,𝑡 ⊨ 𝐹 or 
ℕ,𝑉 ,𝑡 ⊨ 𝐺

§ ℕ,𝑉 ,𝑡 ⊨ 𝑂𝐹 if ℕ,𝑉 ,𝑡 +1 ⊨ 𝐹

§ ℕ,𝑉 ,𝑡 ⊨◇𝐹 if there is t6 > 𝑡
such that ℕ,𝑉 ,𝑡6 ⊨ 𝐹

§ ℕ,𝑉 ,𝑡 ⊨☐𝐹 if for all t6 > 𝑡:   
ℕ,𝑉 ,𝑡6 ⊨ 𝐹

§ ℕ,𝑉 ,𝑡 ⊨ 𝐹𝑈𝐺 if there is t6 > 𝑡
such that ℕ,𝑉 ,𝑡6 ⊨𝐺

and  ℕ,𝑉 ,𝑡66 ⊨ 𝐹
for all 𝑡66 ∈ [𝑡 + 1, 𝑡6 − 1]
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Case: No interaction of knowledge and time à fusion
§ 𝐾& F→G → (𝐾&F→𝐾&G)

§ 𝐾&F →F

§ -𝐾&⊤

§ 𝐾&F →𝐾&𝐾&F

§ ¬𝐾&F →𝐾&¬𝐾&F

EL axiomatization

Plus all classical tautologies and their uniform

substitutions

§ ☐ F→G → (☐F→☐G)

§ O F→G → (𝑂F→𝑂G)

§ 𝑂¬F ↔ ¬𝑂 F

§ ☐ F → F ∧ 𝑂☐F

§ ☐ F → 𝑂F → F ∧☐F

§ F𝑈G → ◇G

§ F𝑈G ↔ (G ∨ 𝑂 F𝑈 G )

§ LTL axiomatization
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Properties
§ No learning: set of timelines an agent 𝑎 considers possible stays the same 

or increases over time. 

§ Formally: for all timelines 𝑡, 𝑡’ and times 𝑛, 𝑛’, 𝑘:
if 𝑡, 𝑛 ∼2 (𝑡’, 𝑛’) and 𝑘 ≥ 𝑛, then there exists 𝑘’ ≥ 𝑛’ such that 
𝑡, 𝑘 ∼2 (𝑡’, 𝑘’). 
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Theorem (Engelhardt et al. 2007) 

The model checking problem for memoryless and synchronuous
systems is PSPACE-complete  (so the same as for LTL alone)

Theorem (van der Meydenand Shilov, 1999) 

The model checking problem under perfect recall and synchrony is 
§ Undecidable if CK (common knowledge operator) and 𝑈 (until)
§ NON ELEM-c if 𝑈 but not CK 
§ PSPACE-c if CK but not 𝑈

§ PSPACE= Problems solvable on a Turing machine using only 
polynomial space w.r.t. the input 

§ PSPACE complete = Hardest problems among those that are PSPACE
§ Complexity Class ELEMENTARY= ⋃!∈ℕ 𝑘 − 𝐸𝑋𝑃 = 	𝐷𝑇𝐼𝑀𝐸 2$ 	 ∪ 𝐷𝑇𝐼𝑀𝐸 2%!	 ∪ ⋯
§ NON ELEM = Problems not in ELEMENTARY


