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Today’s lecture is based on
§ U. Endriss: Lecture 10 of the course “Computational Social Choice” 

https://staff.science.uva.nl/u.endriss/teaching/comsoc/2024/
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Purpose of today’s lecture    &     Agenda
§ Learn about another 

instance of logic 
engineering for social 
choice 

§ Learn about another 
instance of a modal logic

§ Reminders 

§ A modal logic for Social 
Choice Theory

§ Modelling Arrow’s 
theorem

§ Modal logics for Games 
and Mechanisms
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Reminder: Social Choice Theory (SCT)
§ Social choice theory (SCT) is about methods for collective decision making
§ It relies on methods from philosophy and mathematics 
§ It is studied in Economics and Political Science
§ And it is related to decision theory and game theory 

§ Basic abstraction is that of an aggregation function !𝐹 (e.g., a voting rule) 
which describes how to form a global ranking from individual rankings 
(Convention: 𝐹 for formulae, !𝐹 for aggregation functions)

Winter term 25/26 AIL | Özgür L. Özçep 5



CHAI
Humanities-Centered AI

Collective decision as an aggregation function/rule 
§ Voters 𝑁(here: 1,2,3) voting for

§ alternatives/candidates 𝐴 (here: a,b,c)

§ Preference profile [≺] (here: […] )

§ Aggregation function !𝐹 ∶
§ Input:  preference profile […] 
§ Output: global/aggregated preference
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Voter
Pos

1 2 3 !𝑭

1 a a b c

2 b b c b

3 c c a a
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Reminder: Impossibility results
§ Two-way approach:
§ Design concrete aggregation functions 
§ Axiomatically characterize desired properties 

§ Sometimes some set of properties, each of them intuitively correct, is not 
satisfiable à impossibility results (Lützen 19)

§ We saw two (related) impossibility results: Arrow’s theorem and the 
theorem of Gibbard-Satterthwaite (GS)
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§ Independence of irrelevant alternatives (IIA): Whether 𝑥 is socially 
preferred to 𝑦 should depend only on the relative rankings of 𝑥 and 𝑦 in 
the profile – not on other, irrelevant, alternatives.

§ Non-Dictatorship: The global outcome is not determined by a voter 

§ Pareto: If all voters prefer 𝑥 over 𝑦, then society should prefer x over 𝑦
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Theorem (Arrow 51) 
Any aggregation rule over finitely many voters and 𝑚 ≥ 3
alternatives that is Paretian and independent must be a dictatorship



CHAI
Humanities-Centered AI

Reminder: Modelling in FOL and Propositional Logic
§ Proving impossibility results by hand is error-prone

“The standard and textbook proofs of Arrow's general impossibility
theorem are, like the original proofs, invalid.” (Routley 79)

§ Next to (manual repairs) means to prove such theorems automatically 
were devised

§ Basic idea: use a logic to model relevant scenarios in SCT and a theorem 
prover over the logic
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Reminder: Modelling impossibility results in FOL
§ Basic ideas for formalizing Arrow: 
§ Reification with situations
§ relations to identify in situations 

about alternatives and voters 

§ Arrow’s theorem only provable if 
number of individuals fixed 
(à problem of locality of FOL)

§ Used relations in modelling
§ 𝑁(𝑥): 𝑥 is an individual
§ 𝐴(𝑥): 𝑥 is an alternative
§ 𝑆 𝑢 : 𝑢 is a situation (referring to a 

profile)
§ 𝑃 𝑧, 𝑥, 𝑦, 𝑢 : individual 𝑧 ranks 𝑥

above 𝑦 in situation 𝑢
§ W 𝑥, 𝑦, 𝑢 : society (the whole 

collective) ranks 𝑥 above 𝑦 in 
situation 𝑢
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Reminder: impossibility results in Propositional Logic
§ We considered modelling of 

Gibbard-Satterthwaite

§ Basic idea:
§ Many propositional symbols to 

describe scenario 
(à works for small number of 
individuals only)

§ SAT-solver 
§ General case via induction 

§ 𝑝[≺],%: propositional symbols for 
each profile [≺] and alternative 𝑥

§ 𝑝[≺,%] is true iff: when a voting rule 
is applied to profile [≺] then the 
set of winners should include 𝑥

§ Correspondence of truth value 
assignments and voting rules 
à Impossibility = Unsatisfiability
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Reminder: Modal Logic 
§ Modal logic finds a good balance 

between expressivity and feasibility of 
algorithmic problems associated with 
semantic notions

§ Basic semantic ingredient: 
§ Kripke frame: possible worlds and 

accessibility relations

§ Syntax: Propositional logic + modalities 
to navigate between worlds
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Example

§ 𝑀,𝑤! ⊨ ¬𝑝 ∧¬𝑞
§ 𝑀,𝑤" ⊨ 𝑝 ∧ 𝑞
§ 𝑀,𝑤! ⊨◇ 𝑝 ∧ 𝑞
§ 𝑀,𝑤" ⊨ ¬☐ (𝑝 ∧ 𝑞)
§ 𝑀,𝑤! ⊨◇◇ 𝑝 ∧ ¬ 𝑞
§ 𝑀,𝑤! ⊨◇◇(𝑝 ∧ ¬ 𝑞)

𝑤# 𝑤"

𝑤!

𝑝, 𝑞

∅

𝑝
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A Modal Logic for Social Choice Theory
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Logic engineering 
§ Modal logic seems to be a good candidate for modelling Arrow’s theorem

§ However, it is really about the details w.r.t. the syntax and the semantics,  
and this is logic-engineering magic at its best
§ We are going to apply modal logic for a specific application
§ Modal logic provides a parameter in form of the accessibility relation 
§ However, here, we do even more: We concretize other elements in the 

syntax and semantics … 
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Logic engineering 
§ Doing the magic by answering: 
§ What is/are the accessibility relation(s)?
§ What are the possible worlds? 
§ How to interpret atomic propositions? 

§ We present an approach going back to Agotnes and colleagues (2011)
§ The authors consider rather judgment aggregation, but this approach 

can mimic preference aggregation
§ Their logic is called JAL
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Semantics of the logic: possible worlds
§ Big assumption in the beginning: fixed finite sets of 
§ 𝑁 (𝑛 voters) = 𝑛 and 
§ 𝐴 ( of alternatives (𝑚 alternatives) 

§ As Arrow’s theorem addresses all profiles and pairs of alternatives, these 
become components of a possible world
§ Each possible world 𝑤 = ( ≺ , 𝑥, 𝑦 ) consists of a 
§ Profile ≺ ∈ ℒ 𝐴 &

§ An ordered pair 𝑥, 𝑦 ∈ 𝐴' = 𝐴 × 𝐴 of alternatives
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Semantics of the logic: accessibility relations
§ As in epistemic logic we allow us more than one accessibility relation

§ There are two accessibility relation
§ PROF(𝑤, 𝑣): iff the worlds 𝑤, 𝑣 contain the same pairs of alternatives 

(i.e., at most the profiles differ)
§ PAIR(𝑤, 𝑣): iff if the worlds 𝑤, 𝑣 contain the same profiles (i.e., at most 

their alternative pairs differ)

§ A frame, then, is the structure consisting of the possible words and the 
accessibility relations: (ℒ 𝐴 & ×𝐴', 𝑃𝑅𝑂𝐹, 𝑃𝐴𝐼𝑅)
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Test yourself 
§ Q: Prove that both accessibility 

relations are equivalence relations

18
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Semantics
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Pr
of

ile
s 

Pairs of alternatives 

𝑃𝑅𝑂𝐹 and 𝑃𝐴𝐼𝑅
are equivalence relations

Classes of 
indistinguishable worlds 
are shown
for each relation
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Syntax: Atomic symbols
§ Logic-engineering magic: atomic propositions with specific meanings

§ There are three types of atomic propositions
§ 𝑝(: for every voter 𝑖 ∈ 𝑁

Intuition: 𝑝( is true at world ( ≺ , (𝑥, 𝑦)) iff 𝑥 ≻ 𝑦 according to ≺(
§ 𝑞(%,*) for every pair of alternatives ∈ 𝐴'

Intuition: 𝑞(%,,*,) is true at world ([≺], (𝑥, 𝑦)) iff 𝑥, 𝑦 = (𝑥,, 𝑦′)
§ 𝜎 special proposition

Intuition: 𝜎 is true at world ( ≺ , (𝑥, 𝑦)) iff society ranks 𝑥 ≻ 𝑦
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Syntax: arbitrary formulae
§ Using the context free presentation, the formulae 𝐹 of the logic are

𝐹 ∷= 𝑝( ∣ 𝑞 𝑥, 𝑦 ∣ 𝜎 ∣ ¬𝐹 ∣ 𝐹 ∧ 𝐹 ∣ 𝑃𝑅𝑂𝐹 𝐹 ∣ 𝑃𝐴𝐼𝑅 𝐹

§ Note that we have two necessity-type modalities [𝑃𝑅𝑂𝐹] and [𝑃𝐴𝐼𝑅]
§ 𝑃𝑅𝑂𝐹 𝐹 is true  in a world (a profile + an alternative) if 𝐹 is true for all 

profiles under the same alternative pair 

§ Disjunction, implication, and diamond-modalities are defined as usual, 
e.g. 𝑃𝑅𝑂𝐹 𝐹 ≡ ¬ 𝑃𝑅𝑂𝐹 ¬ 𝐹
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Semantics: satisfaction relation ⊨
§ A model (as in all modal logic) is set up by a frame plus a valuation (which 

tells us which atomic proposition are true in which worlds)

§ But the valuations of 𝑝( and 𝑞(%,*) are fixed

§ So, only for 𝜎 do we have to specify a valuation, and this one will depend 
on the social welfare function !𝐹.   
≺ , x, y , !𝐹 ⊨ 𝜎 iff 𝑥, 𝑦 ∈ !𝐹 ≺

„ 𝜎 is true at world ( ≺ , (𝑥, 𝑦)) and SWF !𝐹 iff society (according to !𝐹) ranks 
𝑥 ≻ 𝑦”
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Semantics: satisfaction relation ⊨
§ The other formulae, then, are evaluated as known from our previous 

discussions of modal logic, e.g., 

≺ , x, y , !𝐹 ⊨ [𝑃𝑅𝑂𝐹]𝐺 iff ≺, , x, y , !𝐹 ⊨ 𝐺 for all profiles  [≺, ]

§ Full semantic specification à Appendix
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Decidability
§ Reminder: 𝐺 is satisfiable if there is a model satisfying it, i.e., here, iff there 

is an SWF !𝐹 and world 𝑤 such that 𝑤, !𝐹 ⊨ 𝐺

§ Theorem: Satisfiability within JAL (Agotnes et al 11) is decidable 

§ That is,  there is an Turing machine that takes as input a formula 𝐺, stops 
after a finite number of steps  and returns yes iff 𝐺 is satisfiable
§ Reason: The frame is fixed: 𝑁,𝐴 are fixed;  so, though the number of 

possible SWFs is huge (𝑚!-!,), it is bounded à brute-force

§ Agotnes et al. (11) tackle complexity questions and give an axiomatization
Winter term 25/26 AIL | Özgür L. Özçep 24
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Modelling Arrow’s Theorem



CHAI
Humanities-Centered AI

Modelling the Pareto Condition
§ 𝑃𝐴𝑅𝐸𝑇𝑂 ≔ 𝑃𝑅𝑂𝐹 [𝑃𝐴𝐼𝑅](𝑝/ ∧⋯∧ 𝑝& → 𝜎)

§ That is, in every world ( ≺ , (𝑥, 𝑦)) the following must be always the case:
whenever all voters rank 𝑥 ≻ 𝑦 (i.e., all 𝑝( are true), then so does society 
(i.e., 𝜎 is true) 

§ Write !𝐹 ⊨ 𝐺 iff !𝐹,𝑤 ⊨ 𝐺 for all worlds   

§ We have: !𝐹 ⊨ 𝑃𝐴𝑅𝐸𝑇𝑂 iff !𝐹 satisfies the Pareto condition
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A critical point
§ Here is a critical point regarding this type of use of modal logic: The basic 

idea of modal logic seems to be destroyed

§ E.g., 𝑃𝑅𝑂𝐹 [𝑃𝐴𝐼𝑅] amounts to a universal modality (reach every world)

§ Unfortunately, this “globalization” does not mitigate fixation of 𝑁 and 𝐴

§ But this is not an inherent fault of modal logic (but of the chosen 
representation):  modal logic, with the right notion of definability, can 
define recursive structures
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Modelling Independence of Irrelevant Alternatives
§ For any coalition 𝐶 ⊆ 𝑁 define 

𝑝0 ≔ Y
(∈0

𝑝( ∧ Y
(∈2∖0

¬𝑝(

𝐼𝐼𝐴 ≔ 𝑃𝑅𝑂𝐹 𝑃𝐴𝐼𝑅 ( Y
0⊆2

𝑝0 ∧ 𝜎 → 𝑃𝑅𝑂𝐹 𝑝0 → 𝜎
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Modelling Independence of Irrelevant Alternatives

𝐼𝐼𝐴 ≔ 𝑃𝑅𝑂𝐹 𝑃𝐴𝐼𝑅 ( Y
0⊆2

𝑝0 ∧ 𝜎 → 𝑃𝑅𝑂𝐹 𝑝0 → 𝜎

That is,  in every world ( ≺ , 𝑥, 𝑦 ) it must be the case that
§ if exactly the individuals in the group 𝐶 rank 𝑥 ≻ 𝑦 (i.e., 𝑝0 is true) 
§ and society also ranks 𝑥 ≻ 𝑦 (i.e., 𝜎 is true), 
§ then for any other profile [≺,] under which still exactly those in 𝐶 rank 
𝑥 ≻ 𝑦,  society also must rank 𝑥 ≻ 𝑦.

§ We have Z𝐹 ⊨ 𝐼𝐼𝐴 iff !𝐹 satisfies 𝐼𝐼𝐴
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Modelling Dictatorships

𝐷𝐼𝐶𝑇𝐴𝑇𝑂𝑅𝐼𝐴𝐿 ≔]
(∈2

𝑃𝑅𝑂𝐹 𝑃𝐴𝐼𝑅 (𝑝( ↔ 𝜎)

§ That is, there exists an individual 𝑖 (the dictator) such that it is the case 
that, to whichever world ( ≺ , (𝑥, 𝑦))we move, society will rank 𝑥 ≻ 𝑦 (i.e., 
𝜎 will be true) if and only if 𝑖 ranks 𝑥 ≻ 𝑦 (i.e., 𝑝( is true).

§ We have !𝐹 ⊨ ¬𝐷𝐼𝐶𝑇𝐴𝑇𝑂𝑅𝐼𝐴𝐿 iff !𝐹 is nondictatorial
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Modelling Arrow’s Theorem
§ Write ⊨ 𝐺 iff !𝐹 ⊨ 𝐺 for all SWFs !𝐹 (for fixed sets 𝑁 and 𝐴)

§ We can now state Arrow’s Theorem
If 𝐴 ≥ 3 then ⊨ ¬(𝑃𝐴𝑅𝐸𝑇𝑂 ∧ 𝐼𝐼𝐴 ∧ ¬𝐷𝐼𝐶𝑇𝐴𝑇𝑂𝑅𝐼𝐴𝐿)

§ With the completeness result of Agotnes et al (11) w.r.t. their 
axiomatization this means that a proof of Arrow’s theorem in this 
modelling is feasible 

§ A concrete proof (in an associated logic and for social choice functions) has 
been given by Cina and Endriss  (16)
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Modelling Social Choice in Logics: Wrap up
§ Note that the statement of Arrow’s theorem is for fixed (but arbitrary) 

choices of 𝑁 and 𝐴

§ Hence, as in the modelling of the the other related impossibility theorem 
(Gibbard-Satterthwaite) in propositional logic, we have to refer to some 
form of induction

§ Q: Why then, at all, rely on modal logic instead of propositional logic (PL)? 

§ A: Modelling in PL is similar, but due to the sparse semantics much of the 
modelling has to be on syntax with many symbols 
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Modelling Social Choice in Logics: Wrap up
We have seen the following different approaches for modelling SCT in logic, 
providing different degrees of support for automated reasoning:

§ FOL: Works for arbitrary numbers of individuals/alternatives, however, 
e.g., Arrow‘s theorem cannot be proved in it 

§ PL: can use well-proven SAT-solvers, however, works for small sets of 
indiviudals/alternatives (and need to refer to induction principle)

§ ML: works for arbirtrarily sized individuals/alternatives; however, need 
also reference to induction principle) 
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Modelling Social Choice in Logics: Wrap up
We are left with these questions and challenges

§ Don’t fix the set of individuals (and alternatives) in the language 

§ Model the universal domain assumption in an elegant manner

§ Better supported automated reasoning for richer languages 
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Modal Logics for Games and Mechanisms
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Some loose remarks on further uses of modal logic
§ Modal logics (epistemic logic, dynamic epistemic logic) are useful also for 

modelling of and reasoning with 
§ games (van der Hoek & Pauly 07)
§ mechanisms (Wooldrige 08), (Maubert et al 21)

§ There is an intimate connection of logics and game theory also in the 
other direction à game semantics for logics (Benthem 14)

§ We will sketch only some ideas regarding the use of modal logic for games 
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Example (game in extended form): Penny Matching*
§ Games in extended form have graph 

structure 

§ à Read as a Kripke model with 
accessibility relations (actions) for each 
player

§ Introduce for each action 𝑎 a necessity 
operator 𝑎 :
𝑎 𝐹 iff after action 𝑎 it is the case that 𝐹
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𝐻 𝑇

𝐻 𝑇 𝐻 𝑇

(−1,1) (1,−1) (1,−1) (−1,1)

𝑂

𝐸 𝐸
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Imperfect information 
Sometimes an agent does not know …

1. where in a history others are 
(she does not see) or 

2. where in a history she is (she forgets)

3. (( In which game she or the others are, e.g., 
one does not know other agents’ real 
utilities (their types) ))
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𝐻 𝑇

𝐻 𝑇 𝐻 𝑇

(−1,1) (1,−1) (1,−1) (1,−1)

indistinguishable
for red agent

𝑙 𝑟

𝑙 𝑟

(0,0) (2,1) (1,2)

indistinguishable
for red agent

1.

2.
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Formalization of 1. and 2.
§ Use families ℑ𝒊 of 

information sets over histories for each 𝑖

§ For each 𝑖, ℑ𝒊 partitions the histories into 
jointly exhaustive, pairwise disjoint sets 𝐼

§ Histories in the same information set 𝐼 ∈ ℑ(
are indistinguishable for 𝑖
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𝐻 𝑇

𝐻 𝑇 𝐻 𝑇

(−1,1) (1,−1) (1,−1) (1,−1)

𝐼 ∈ 𝐼$%&

𝑙 𝑟

𝑙 𝑟

(0,0) (2,1) (1,2)

𝐼 ∈ 𝐼$%&

1.

2.
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Formalization of 1. and 2.
§ The last observation hints to the fact that we 

can dually work with an indistinguishability 
relation for each i: ℎ/ ∼( ℎ'

(iff ℎ/, ℎ' ∈ 𝐼 ∈ ℑ() 

§ … and again use the full power of modal 
(epistemic) logics with a knowledge operator 
𝐾( based on ∼(

§ E.g., can model perfect recall
𝑡𝑢𝑟𝑛( ∧ 𝐾( 𝑎 𝐹 → 𝑎 𝐾( 𝐹
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𝐻 𝑇

𝐻 𝑇 𝐻 𝑇

(−1,1) (1,−1) (1,−1) (1,−1)

𝐼 ∈ 𝐼$%&

𝑙 𝑟

𝑙 𝑟

(0,0) (2,1) (1,2)

𝐼 ∈ 𝐼$%&

1.

2.
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Conclusion & Outlook
§ Modal logics prove useful in 

modelling impossibility results

§ However, it is about the details of 
how to model with modal logics

§ There are still challenges 
regarding the basic assumptions 
on fixing voter and alternative 
numbers

§ Next two lectures about 
modelling beliefs and their 
changes à belief revision
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Thanks for your attention!

Summer term 25

https://www.philosophie.uni-hamburg.de/chai/personen/oezcep.html
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J. Van Benthem. Logic in Games. The MIT Press. MIT Press, 2014.
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Semantics for Logic of Agotnes et al (11)
§ [≺],(𝑥,𝑦) , 𝐹̅ ⊨ 𝑝( iff y ≺( 𝑥

§ [≺],(𝑥,𝑦) , 𝐹̅ ⊨ 𝑞(%,,*,) iff
𝑥, 𝑦 = (𝑥,, 𝑦′)

§ ≺ , x, y , !𝐹 ⊨ 𝜎 iff
𝑥, 𝑦 ∈ !𝐹 ≺

§ ≺ , x, y , !𝐹 ⊨ ¬𝐺 iff
not:  ≺ , x, y , !𝐹 ⊨ 𝐺

§ ≺ , x, y , !𝐹 ⊨ 𝐺 ∧ 𝐻 iff
≺ , x, y , !𝐹 ⊨ 𝐺 and
≺ , x, y , !𝐹 ⊨ 𝐻

§ ≺ , x, y , !𝐹 ⊨ [𝑃𝑅𝑂𝐹]𝐺 iff
≺ ′ , x, y , !𝐹 ⊨ 𝐺

for all profiles  [≺ ′]

§ ≺ , x, y , !𝐹 ⊨ ⟨𝑃𝑅𝑂𝐹⟩𝐺 iff
≺ ′ , x, y , !𝐹 ⊨ 𝐺 for some profile [≺ ′]
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