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Agents, Intellectics, and Logic (AlL)
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Today’s lecture is based on

= Parts of Lecture notes ,,EPISTEMIC LOGICS® by Andreas Herzig, 2017
https://www.irit.fr/~Andreas.Herzig/Cours/epilogics.pdf

= 0.0: Doxastic Logic, Lecture 07 of Course ,Intelligent Agents“, winter term
2023/2024, University of Luebeck

= 0.0: Ontology change, Lectures 10 and 11 of Course ,Information systems
CS4130% summer term 2023, University of Luebeck
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Purpose of today’s lecture & Agenda

= Learn about a systematic = Beliefs in epistemic logic
study of belief change
from the internal
perspective

= Beliefs in Dynamic
Epistemic Logic

= Belief revision: Basic

= See further instances of a _
Setting

representation theorems

= Belief Revision AGM
style
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Beliefs in epistemic logic
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Beliefs

= In discussing Plato’s notion of knowledge as justified true belief, we came
across the notion of belief

= Motivated by Gettier’s paradox, we switched to modelling knowledge in
epistemic logic as modal operators K,

= Similar to the treatment of knowledge, we can introduce belief operators
B, and discuss their properties

= The resulting logic (with additional dynamic operators) is the logic of
belief and is named doxastic logic (Segerberg 1995, 1996)
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Reminder: Logic of knowledge (S5)

Knowledge-specific xioms

"t Kap - p (M) or(T)
»If a knows that p, then p is true®

. |_55 Kap - KaKap (4)
(,If a knows that p, he knows that he knows that p “)

. |_55 p— Kak\ap (B)
LIf pistrue, then a knows that he thinks that p is
possible.”
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Accessibility prop.
= Reflexivity

= Transitivity

= Symmetry
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A picture of well known modal logics

/ S4=ra @5@2 Notation:

" s [ e = Mis used for T (reflexivity)
P oas | = M4B, e.g., is the result of

; / : o6 adding M, 4 and B to K

3
®o5
4
‘ éif: a pre iy S5: logic of knowledge
K K3
K KB

https://plato.stanford.edu/entries/logic-modal/
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Logic of belief (D45)
Belief-specific xioms

= I_D4-5 _IBa_IT (D)
,a does not believe in inconsistencies®

" pas Byp = B,Bgp ()
(,If a believes p, he believes that he believes p*)

'l_SS_' a_'p_)Ba_'Ba_'p (5)
,If a does not believe - p, then a believes that he
does not believe = p.”
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Accessibility prop.
= Seriality

= Transitivity

= Euclidean
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A picture of well known modal logics

/‘S4=M4 @ ol Notation:

. NP+ = Mis used for T (reflexivity)
> ‘@ " = M4B, e.g., is the result of

" / o3 adding M, 4 and B to K

DS
4 ®05
ZS ° K45 /KBSﬂf;ig S5: |OgiC of kﬂOWlEdge
K ? KS )
K KB D45: Iogic of belief =
doxastic logic

https://plato.stanford.edu/entries/logic-modal/
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A combined logic of knowledge & belief?

=MS
=MBS
=M4BS
=M45
=M4B

v/ _
=D4B
=D4B5S
=DBS

M D .DB

4
S K4 KBS=K4B5
K43 =K 4B
K B
KS
KB

Notation:

= Mis used for T (reflexivity)

= M4B, e.g., is the result of
adding M, 4 and Bto K

S5: logic of knowledge

D45: logic of belief =
doxastic logic
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A combined logic of knowledge & belief?

= (ettier's paradox already hints to the intricacies in the connection of
belief and knowledge

= Some prima facie bridging axioms lead to undesired results

— KD45(B,) (as a logic of belief)

— S5(K,) (as a logic of knoweldge)

— K,F - B,F (If a knows that F then he believes that F)

— By,F - ByK,F (If a believes that F then he believes that he knows
that F)

Winter term 25/26 AlL | Ozgir L. Ozcep 1
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A combined logic of knowledge & belief?

— D45(B,) (as a logic of belief)
— S5(K,) (as a logic of knoweldge)
— K,F - B,F (If a knows that F then he believes that F)
— B,F - B,K,F (If a believes that F then he believes that he knows
that F)
= Would entail that B,F © K F (collapse of distinction)

* |ntermediate step in the proof: -B,—K,F = —=K,—~ B, F

= Culprit: negative introspection for knowledge
(Axiom 5) (Lenzen 1978, Lenzen 1995)

Winter term 25/26 AlL | Ozgir L. Ozcep 12



CHAI “7
Humanities-Centered Al

UH

m . oy ee

L2 Universitdit Hamburg
DER FORSCHUNG | DER LEHRE | DER BILDUNG

Test you intuitions

* Q: Does K, F — B,F reflect the
usual natural language use of
knowledge and belief?

Winter term 25/26 AlL | Ozgir L. Ozcep 13
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Beliefs in Dynamic Epistemic Logic
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Belief change
= How do a‘s beliefs evolve when a learns that F is true?

* Dynamic epistemic logic cannot handle this properly

ldea: Model the fact that a comes to know that F is true by a public
announcement operator [F!] = Logic of public announcements (PAL)

Extend D45 by public announcement operator [¢!]
Problem: What if agent a wrongly believes that p, but —p is announced?

Winter term 25/26 AIL | Ozguir L. Ozcep
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Belief change

» Dynamic epistemic logic cannot handle this properly
Problem: What if agent a wrongly believes that p, but —p is announced?
This is NOT possible in epistemic logic:

Fss Kgp =P (reflexivity)
Fsspar P [l L (reduction axiom)
Fsspar Kap = [0l L (Modus ponens)

Winter term 25/26 AIL | Ozguir L. Ozcep
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Belief change

» Dynamic epistemic logic cannot handle this properly

Problem: What if agent a wrongly believes that p, but —p is announced?
In doxastic logic:

B,p A—p is satisfiable
Fpaspar P © [—p!] L (reduction axiom)
B,p A =|—=p!] L should be D45 — PAL satisfiable!

= However, on can show:
Fpaspar ((P ABgp) > < —p! > B, 1

Winter term 25/26 AlL | Ozgir L. Ozcep 17
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Belief change

= However, on can show:
Fpaspa, (P ABgp) > < -—p!>B, 1

,If a believes in a false proposition then after announcing its negation (a
true fact, a will believe in a contradiciton®

= Ways out:
Drop consistency axiom (D)
Change semantics of announcement operator
Allow explicitly for new chang: belief revision operators.

Winter term 25/26 AlL | Ozgir L. Ozcep 18



\ N 4, /
\ ‘
iti [
[ 21 Universitit Hamburg CHAI "7, +°
DER FORSCHUNG | DER LEHRE | DER BILDUNG iti

How to model (full) beliefs? = External perspective in doxastic
logic (Segerberg 95,99)

= Internal perspective in belief (considered only marginally)
revision (considered extensively
here) = Notion of F being true
= No notion of F being true " Bel,(F) as modal operator B, F
= 6 doxastic situations expressible
= Bel,(F) modelled as F AB,(F), F AB, (=F), ...

F € X for a's belief set X . L
= Compare foundationalism in

= Compare coherentism in epistemology
epistemology

Winter term 25/26 AlL | Ozgir L. Ozcep 19
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Belief Revision: Basic Setting
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Belief Revision: basic setting
= Agent a holds set of beliefs expressed as set X over some language L
= A receives information, the trigger, from some source

* Model change of beliefs via operators o under trigger

o: {belief sets} x {sentences} —» {belief sets}
o: BS, X L > BS,

= Describe desired properties such operators have

» Possibly axiomatize operators and prove representation theorems

Winter term 25/26 AIL | Ozguir L. Ozcep
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Example (,,Revision fiir Bremer Stadtmusikanten®)

» Beliefs X

(1) Donkey is above of dog
2) Dog is above of Cat
3) Catis above of rooster
4) ,Aboveness“is an irreflexiv relation
5) , Aboveness“is a transitive relation
(6) It's good living in Bremen

(
(
(
(

= Trigger F: Rooster is above of donkey

Winter term 25/26 AIL | Ozguir L. Ozcep

= X not compatible with F
* How torevise? X * F =7

= Desired properties

= Consistency =
delete one of (1)—(6)

= Relevance - not (6)
= Delete less entrenched

- i.e. one of (1)—(3)

22
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Types of Belief Change

* X + F =expanding X by F = Result of adding F to X without
considering inconsistencies
Desired: Fe X + F

= X x F =revising X by F = Result of adding consistently F
Desired: F € X * F ; consistency

» X — F = contracting X by F = Result of ,,deep” deletion of F
Desired: F ¢ X — F ;

X —FCcX;..

Winter term 25/26 AIL | Ozguir L. Ozcep
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Types of Belief Change (addendum)

» X o F=updating X by F = Result of consistently updating X
Desired: F € X o F; allow non- Wi”_‘ F (assuming changed
trivial-change for compatible F environment)

= X ® F = reinterpreting X under F = Result of dissolving inter-language
= Desired: F € X ® F; consistency; ambiguities (assuming different
X®F con’serves ¥ ' readings of symbols)  (O.2009)

Winter term 25/26 AlL | Ozgir L. Ozcep 24
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Belief Revision: AGM Style




Post-AGM work on more realistic, namley: ressource-bounded, agents
L2 Universitdit Hamburg (Wassermann 99)
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Belief Revision

» Landmarking ,,yellow” paper of Alchourron, Gardenfors and Makinson
(AGM) (Alchourron et al 1985)

= AGM: , Logic” based on consequence operator Cn (Wojcicki 88)

= AGM: Beliefs of an ideal agent = set of Boolean formulaes
X € L closed under some consequence operator Cn

So a belief set of AGM X € BS; has property: X = C(n(X)

» Considers expansion, contraction, and revision

Winter term 25/26 AlL | Ozgir L. Ozcep 26
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Tarskian Consequence Operator and Logic (Reminder)

= A consequence operator Cn: Pow(L) = Pow(L) maps each subset of L to a
subset of L such that forall X;,X,,X € L

X € Cn(X) (inclusion)
If X; € X,, then Cn(X,) € Cn(X,) (monotonicity)
cn(Cn(X)) = Cn(X) (idempotence)

= Alogic, here, is a pair (L, Cn), with L set of well-formed formulae and
consequence operator Cn

= AGM has further (strong) constraints on Cn (not considered here)

Winter term 25/26 AlL | Ozgir L. Ozcep 27
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Desiderata for + captured by AGM postulates (informally)

= (ET) Result again belief set (closure)
= (E2) Trigger ic contained in result (success)
= (E3) Belief set included in expansion (inclusion)
= (E4) If trigger contained in belief set than result is the belief set (vacuity)
= (E5) Expansion is monotonic in left argument (monotonicity)

= (E6) Result is smallest belief set fulfilling (E1)-(E5)

Winter term 25/26 AlL | Ozgir L. Ozcep 28
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Desiderata for + captured by AGM postulates (formally)

= (E1) X + F € BS; (closure)
» E2)FEX+F (success)
» (E3) XS X+ F (inclusion)
» (E4)If FEX thenX =X+ F (vacuity)
= (E5)IfX; € X,,thenX; + FC X, + F (monotonicity)

= (E6) Result is smallest belief set fulfilling (E1)-(E5)

Winter term 25/26 AlL | Ozgir L. Ozcep 29
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Representation theorem for expansion

In general, many structurally different operators may fulfil the postulates,
but sometimes exactly one does:

Theorem (Representation theorem for (E1)-(E6))

An operator + fulfills postulates (E1)—(E6) iff it is the operator of
adding the trigger and closing up w.r.t. Cn, i.e.
X+F =Cn(XVU{F)

Winter term 25/26 AIL | Ozguir L. Ozcep
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A Note on Terminology

= Axiom: = Postulate (in AGM revision):
explicitly stated sentences of a Sentence in a metalanguage with
theory in a logical language set theoretical constructs next to
= Universal consequence operator
(e.g., axiom & F V —F) (e.g. (E), (E2) ...

" Domain-specific = Principle: Sentence in

(e.g. group axioms in metalanguage couched (possibly)

mathematics) in philosophical terms

(e.g., principle of Ockham’s razor)

Winter term 25/26 AlL | Ozgir L. Ozcep 31
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Desiderata for = captured by AGM postulates (informally)

= (C1) Result again belief set (closure) = (C6) Result independent of syntax of
trigger (extensionlity)
= (C2) If trigger not tautological, then result
does not contain the trigger (success) = (C7) Contracting with conjuct containts in
common elements of contractiosn with
= (C3) Result covered by belief set (inclusion) conjuncts. (conjunction 1)
" (C4) If nothing to contract, result is the = (C8) Contraction by conjunct is contained
original belief set (vacuity) in contraction by first conjunct if first
conjunct deleted in contraction with

= (C5) If trigger in original belief set,
contraction result after expansion with
trigger contains original belief set

(recovery)

conjunct (conjunction 2)

Winter term 25/26 32
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Desiderata for = captured by AGM postulates (formally)

" (C6)If G & F e Cn(®),then

X+G=X=+F (extensionality)
* (C2)IfF ¢ Cn(@)then Fg X +F
(success)
» (C5)IfFe X, thenK € (K+F)+ F = For full formalization see
(recovery)

Winter term 25/26 AlL | Ozgir L. Ozcep 33
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Desiderata for * captured by AGM postulates (informally)

= (R1) Result again belief set (closure) = (R6) Result independent of syntax of
trigger (extensionlity)
= (R2) Trigger in result (success)
= (R7) Revising with conjuct is contained in
" (R3) Resultincluded in expansion revision by first and expansion with second
(inclusion) trigger. (conjunction 1)
" (R4) Expansion contained in result = (R8) Revision by first and expansion with
in non-consistency case (vacuity) second trigger is contained in case of

consistency of second triffer

= (R5) If result inconsistent, then (conjunction 2)

trigger incosistent (consistency)

Winter term 25/26 AlL | Ozgir L. Ozcep 34
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Desiderata for * captured by AGM postulates (formally)

» (R6)If G & F € Cn(0), then

X *G=X*F (extensionality)
= RAJFE€X «F (success)
= (R5) If Cn(X *F) =L then = For full formalization see [AYsJsllgle b
—FeCn(®) (consistency)

Winter term 25/26 AlL | Ozgir L. Ozcep 35
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Postulates and concrete change operators

= Postulates generally specify whole classes of operators
(exception: expansion operation X + F = Cn(X U {F}))

* How to construct concrete change operators?

= Different design principles
Mutual definition of revision and contraction (considered here)
Partial meet based on remainder sets (considered here)
Orders (epistremic entrenchment) (next lecture)
Systems of spheres (next lecture)

Winter term 25/26 AIL | Ozguir L. Ozcep
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Levi-ldentity

Given a (contraction) operator +, the (revision) operator * define by
the Levi ldentity is: X *F= (X +—=F)+F

An operator * defined by + with the Levi Identity fulfills postulates
(R1)-(R8)  iff
= fulfills the postulates (C1)-(C8).

Winter term 25/26 AlL | Ozgir L. Ozcep 37



UH
i_i_.l

[ 21 Universitit Hamburg CHAI "7, +°
LEHRE | DER BILDUNG iti

Harper-ldentity

Given a (revision) operator *, the (contraction) operator + defined by
the Harper Identity is: X+~F=XN (X * = F)

An operator =+ defined by * with the Harper Identity fulfills
postulates (C1)-(C8) iff
* fulfills the postulates (R1)-(R8).

Winter term 25/26 AlL | Ozgir L. Ozcep 38
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Towards partial meet change: remainers

Definition (remainderset X L F, informally)

= set of inclusion-maximal subsets of X not entailing F.
= ThesetsinX L1 F are called remainders.

* {p.g} L (A ={{p}{q}}
= {pVr,pV-ar,gAs,g A-s} L(pAq) =

{{ovr,pv-ri{pVvrqnsj
{pvr,gAn=sh{pVv-ar,qAsh{pVrqA-s}

Winter term 25/26 AlL | Ozgir L. Ozcep 39
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Definition (remainder set X L F, formally)

» YEX LFIff
1. YCX
2. Fe&cn(y)
3. Thereisno Y’ fulfilling1.and 2. such thatY c Y’

= Thesetsin X L F are called remainders.

Winter term 25/26 AlL | Ozgir L. Ozcep 40
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Definition (selection function y: 2851 — 2551

» fX1F#0@,thend#yXla)SX1la
" y(@) ={X}

= As there are many remainders (maximal scenarios) we need to select
some of them as possible

= Chooses some remainders (if not empty).

Winter term 25/26 AIL | Ozguir L. Ozcep a4
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o Similar representation result for contraction
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(see Appendix)

Definition (partial meet contraction and partial meet revision )

= X+, F=Ny(X LF) (partial meet contraction)
= X x, F=Cn((X +, -F) U{F}) (partial meet revision)

Theorem (Representation theorem for (R1)- (R6))

An operator * fulfills postulates (R1)-(R6) iff

there is a partial meet revision x, based on a selection function y
sucht that X *F=X %, F

Winter term 25/26 AlL | Ozgir L. Ozcep 42
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Reminder: Belief change in Dynamic Logic

= However, on can show:
Fpaspa, (P ABgp) > < -—p!>B, 1

,If a believes in a false proposition then after announcing its negation (a
true fact, a will believe in a contradiciton®

= Ways out:
Drop consistency axiom (D)
Change semantics of announcement operator
Allow explicitly for new chang: belief revision operators.

Winter term 25/26 AlL | Ozgir L. Ozcep 43
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AGM and doxastic logic

= Work of Segerberg (Segerberg 1995, 1996)
Modal operators B,, [+F], [—F], [* F]
|* Fl¢p = ,,¢ is true after revision by F*“

= Internalized” version of doxastic logic (Aucher 2008)

Winter term 25/26 AIL | Ozguir L. Ozcep
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Your Conclusion should be &

= ... belief revision is wonderful topic

Outlook

= Beyond AGM belief revision (and
there has been much much more
done/and has to be done yet)

Winter term 25/26 AIL | Ozguir L. Ozcep
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Thanks for your attention!

https://www.philosophie.uni-hamburg.de/chai/personen/oezcep.html
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Appendix
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Desiderata for =+ captured by AGM postulates (formally)

= (C1) X = F € BS; (closure) * (C6) If G & F € Cn(P), then

* (C2)IfF ¢ Cn(®) then FgX +F

X+G=X=+F (extensionality)

(success) s (CN)X=FNX=+-G<SX+(GAF)

(conjunction 1)

" (C3) X+ FcX (inclusion)

» (C4)IfFeg X, thenX +~F =X

(vacuity)

» (C5)IfFe X, thenK € (K+F)+F

" (C8)If F¢& X+ (F AG),then
X «(FAG)SX=F
(conjunction 2)

(recovery)
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Desiderata for * captured by AGM postulates (formally)

= (R1)X *F € BS; (closure) = (R6)If G & F € Cn(0), then
X *G=X*F (extensionality)
= RAJFE€X «F (success)
- * (R7) X * (GAF) S Cn( (X *G) U {F)
= (R3) X *Fc Cn(X U{F}) (inclusion) (conjunction 1)
n (R4) If =F ¢ X then ' - (R8) If =F & X =G, then
Cn(XU{F}) € X =F (vacuity) cn((X «G) U{F}) €X * (G AF)
» (R5) If Cn(X *F) = L then (conjunction 2)
-FeCn(®) (consistency)
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Uh = Formally, y ,relational” means:
YXLF)={X'€XLF|X"<X'forallX" €X 1LF)}
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Definition (transitively relational selection function y: 2551 — 2551)

= Aselection function y is relational iff it choose the maximal ones
according to a relation <
= |tis transitively relational iff additionally < is transitive

Theorem (Representation theorem for (R1)-(R8))

An operator = fulfills postulates (R1)—(R8) iff
there is a partial meet revision %, based on a transitively relational
selection function y sucht that X *F=X %, F
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